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FREE BIHOLOMORPHIC FUNCTIONS AND OPERATOR MODEL THEORY, II
GELU POPESCU
Abstract. In a companion to this paper, we introduced the class of n-tuples f = (f1, . . . , fn) of formal
power series in noncommutative indeterminates Z1, . . . , Zn with the model property and developed an
operator model theory for pure n-tuples of operators in noncommutative domains Bf (H) ⊂ B(H)
n,
where the associated universal model is an n-tuple (MZ1 , . . . ,MZn) of multiplication operators on a
Hilbert space H2(f) of formal powers series.
In the present paper, several results concerning the noncommutative multivariable operator theory
on the unit ball [B(H)n]−
1
are extended to noncommutative varieties Vf,J (H) ⊆ Bf (H) defined by
Vf,J (H) :=
{
(T1, . . . , Tn) ∈ Bf (H) : ψ(T1, . . . , Tn) = 0 for any ψ ∈ J
}
,
for an appropriate evaluation ψ(T1, . . . , Tn), and associated with n-tuples f with the model property and
WOT-closed two-sided ideals J of the Hardy algebra H∞(Bf ), the WOT-closure of all noncommutative
polynomials in MZ1 , . . . ,MZn and the identity. We develop an operator model theory and dilation
theory for Vf,J(H), where the associated universal model is an n-tuple (B1, . . . , Bn) of operators acting
on a Hilbert space Nf,J of formal power series. We study the representations of the algebras generated
by B1, . . . , Bn and the identity: the variety algebra A(Vf,J ), the Hardy algebra H
∞(Vf,J )), and the
C∗-algebra C∗(B1, . . . , Bn). A constrained characteristic function Θf,X,J , associated with each n-tuple
X ∈ Vf,J (H), is used to provide an operator model for the class of completely non-coisometric (c.n.c)
elements in the noncommutative variety Vf,J(H). As a consequence, we show that Θf,X,J is a complete
unitary invariant for the c.n.c. part of Vf,J (H). A Beurling type theorem characterizing the joint
invariant subspaces under B1, . . . , Bn and a commutant lifting for pure n-tuples of operators in Vf,J (H)
is also provided. In particular, when J is theWOT -closed two-sided ideal generated by the commutators
MZiMZj −MZjMZi , i, j ∈ {1, . . . , n}, we obtain commutative versions for all the results.
For special classes of n-tuples of formal power series f = (f1, . . . , fn) and J = {0}, we obtain several
results regarding the dilation and model theory for the noncommutative domain Bf (H) or the c.n.c.
part of it.
Introduction
This paper is a continuation of [27] in our attempt to to transfer the free analogue of Nagy-Foias¸ theory
(see [28], [6], [5], [10], [11], [12], [13], [14], [15], [16], [17], [18], [19], [20], [22], [23], [26], [27], [1], [2], [4])
from the closed unit ball
[B(H)n]−1 := {(X1, . . . , Xn) ∈ B(H)
n : X1X
∗
1 + · · ·+XnX
∗
n ≤ I}
to other noncommutative domains in B(H)n, where B(H) is the algebra of bounded linear operators
an a Hilbert space H. More precisely, we want to find large classes G of free holomorphic functions
g : Ω ⊆ [B(H)n]−1 → B(H)
n for which a reasonable operator model theory and dilation theory can be
developed for the noncommutative domain g(Ω).
Section 1 contains some preliminaries on the classM of n-tuples of formal power series f = (f1, . . . , fn)
with the model property. An n-tuple f has the model property if it is either one of the following: an
n-tuple of polynomials with property (A), an n-tuple of formal power series with f(0) = 0 and property
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(S), or an n-tuple of free holomorphic functions with property (F). We associate with each f ∈ M a
Hilbert space H2(f) of formal power series and the noncommutative domain
Bf (H) := {X = (X1, . . . , Xn) ∈ B(H)
n : g(f(X)) = X and ‖f(X)‖ ≤ 1},
where g = (g1, . . . , gn) is the inverse of f with respect to the composition of power series, and the
evaluations are well-defined.
The characteristic function of an n-tuple T = (T1, . . . , Tn) in the noncommutative domain Bf (H) is
the operator Θf,T : H
2(f)⊗Df,T∗ → H2(f)⊗Df,T having the formal Fourier representation
−IH2(f) ⊗ f(T ) +
(
IH2(f) ⊗∆f,T
)(
IH2(f)⊗H −
n∑
i=1
Λi ⊗ fi(T )
∗
)−1
[Λ1 ⊗ IH, . . . ,Λn ⊗ IH]
(
IH2(f) ⊗∆f,T∗
)
,
where Λ1, . . . ,Λn are the right multiplication operators by the power series fi on the Hardy space H
2(f)
and ∆f,T , ∆f,T∗ are certain defect operators, while Df,T , Df,T∗ are the corresponding defect spaces
associated with T ∈ Bf (H). We remark that the characteristic function is a contractive multi-analytic
operator with respect to the universal model (MZ1 , . . . ,MZn) associated with the noncommutative domain
Bf .
In Section 2, we present operator models for completely non-coisometric (c.n.c.) n-tuples of operators
T := (T1, . . . , Tn) in noncommutative domains Bf (H), generated by by an n-tuples of formal power series
f = (f1, . . . , fn) of class Mb, in which the characteristic function Θf,T occurs explicitly. More precisely,
we show that T := (T1, . . . , Tn) is unitarily equivalent to a c.n.c. n-tuple T := (T1, . . . ,Tn) of operators
in Bf (H) on the Hilbert space
H := [(H2(f)⊗Df,T )⊕∆Θf,T (H
2(f)⊗Df,T∗)]⊖ {Θf,Tx⊕∆Θf,T x : x ∈ H
2(f)⊗Df,T∗},
where ∆Θf,T := (I −Θ
∗
f,TΘf,T )
1/2 and the operator Ti is defined by
T∗i [x⊕∆Θf,T y] := (M
∗
Zi ⊗ IDf,T )x⊕D
∗
i (∆Θf,T y), i = 1, . . . , n,
for x ∈ H2(f)⊗Df,T , y ∈ H2(f)⊗ Df,T∗ , where Di(∆Θf,T y) := ∆Θf,T (MZi ⊗ IDf,T∗ )y. Moreover, T is
a pure n-tuple of operators in Bf (H) if and only if the characteristic function Θf,T is an isometry. In
this case, the model reduces to
H =
(
H
2(f)⊗Df,T
)
⊖Θf,T (H
2(f)⊗Df,T∗), T
∗
i x = (M
∗
Zi ⊗ IDf,T )x, x ∈ H.
This result is used to show that the characteristic function is a complete unitary invariant for the c.n.c.
n-tuples of operators in Bf (H). We also show that any contractive multi-analytic operator with respect
to MZ1 , . . . ,MZn generates a c.n.c. n-tuple of operators in Bf (H), for an appropriate Hilbert space H.
In Section 3, under natural conditions on the n-tuple f = (f1, . . . , fn), we study the ∗-representations
of the C∗-algebra C∗(MZ1 , . . . ,MZn) and obtain a Wold type decomposition for the nondegenerate ∗-
representations, where (MZ1 , . . . ,MZn) is the universal model associated with the noncommutative do-
main Bf . We also show that any n-tuple T = (T1, . . . , Tn) of operators in the noncommutative do-
main Bf (H) has a minimal dilation which is unique up to an isomorphism, i.e., there is an n-tuple
V := (V1, . . . , Vn) of operators on a Hilbert space K ⊇ H such that
(i) (V1, . . . , Vn) ∈ Bf (K);
(ii) there is a ∗-representation pi : C∗(MZ1 , . . . ,MZn)→ B(K) such that pi(MZi) = Vi, i = 1, . . . , n;
(iii) V ∗i |H = T
∗
i , i = 1, . . . , n;
(iv) K =
∨
α∈F+n
VαH.
A commutant lifting theorem for Bf (H) (see Theorem 3.8) is also provided.
If f = (f1, . . . , fn) has the model property, we introduce the Hardy algebra H
∞(Bf ) to be the WOT-
closure of all noncommutative polynomials in MZ1 , . . . ,MZn and the identity, where (MZ1 , . . . ,MZn) is
the universal model associated with the noncommutative domain Bf . In Section 4, we extend the model
theory to c.n.c. n-tuples of operators in noncommutative varieties defined by
Vf,J(H) := {(T1, . . . , Tn) ∈ Bf (H) : ψ(T1, . . . , Tn) = 0 for any ψ ∈ J} ,
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for an appropriate evaluation ψ(T1, . . . , Tn), and associated with n-tuples f with the model property
and WOT-closed two-sided ideals J of the Hardy algebra H∞(Bf ). We also show that the constrained
characteristic function Θf,T,J is a complete unitary invariant for the c.n.c. part of Vf,J(H).
In Section 5, we develop a dilation theory for n-tuples of operators (T1, . . . , Tn) in the noncommutative
domain Bf (H), subject to constraints such as
(q ◦ f)(T1, . . . , Tn) = 0, q ∈ P ,
where P is a set of homogeneous noncommutative polynomials. We show that if f = (f1, . . . , fn) is an
n-tuple of formal power series with the radial approximation property and let B = (B1, . . . , Bn) be the
universal model associated with the WOT-closed two-sided ideal JP◦f generated by q(f(MZ)), q ∈ P , in
H∞(Bf ), then the linear map Ψf,T,P : span{BαBβ : α, β ∈ F+n } → B(H) defined by
Ψf,T,P(BαBβ) := TαT
∗
β , α, β ∈ F
+
n ,
is completely contractive. If H is a separable Hilbert space, we prove that there exists a separable Hilbert
space Kpi and a ∗-representation pi : C∗(B1, . . . , Bn) → B(Kpi) which annihilates the compact operators
and
n∑
i=1
fi(pi(B1), . . . , pi(Bn))fi(pi(B1), . . . , pi(Bn))
∗ = IKpi ,
such that
(a) H can be identified with a ∗-cyclic co-invariant subspace of K˜ := (Nf,JP◦f ⊗∆f,TH)⊕Kpi under
the operators
Vi :=
[
Bi ⊗ I∆f,TH 0
0 pi(Bi)
]
, i = 1, . . . , n;
(b) T ∗i = V
∗
i |H, i = 1, . . . , n;
(c) V := (V1, . . . , Vn) ∈ Bf (K˜) and (q ◦ f)(V ) = 0, q ∈ P .
In Section 6, under the conditions that f = (f1, . . . , fn) is an n-tuple of power series with the model
property and J is a WOT-closed two-sided ideal of the Hardy algebra H∞(Bf ), we provide a Beurling [3]
type theorem characterizing the invariant subspaces under the universal n-tuple (B1, . . . , Bn) associated
with a noncommutative variety Vf,J(H), and a commutant lifting theorem [28] for pure n-tuples of
operators in Vf,J(H).
We remark that all the results of this paper have commutative versions which can be obtained when J
is the WOT -closed two-sided ideal generated by the commutators MZiMZj −MZjMZi , i, j ∈ {1, . . . , n}.
In this case, if T := (T1, . . . , Tn) ∈ Bf (H) is such that
TiTj = TjTi, i, j = 1, . . . , n,
then the characteristic function of T can be identified with the multiplier MΘf,J,T : H
2(g(Bn))⊗Df,T∗ →
H2(g(Bn))⊗Df,T defined by the operator-valued analytic function
Θf,J,T (z) := −f(T ) + ∆f,T
(
I −
n∑
i=1
fi(z)fi(T )
∗
)−1
[f1(z)IH, . . . , fn(z)IH] ∆f,T∗ , z ∈ g(Bn),
where H2(g(Bn)) is a reproducing kernel Hilbert space of holomorphic functions on g(Bn), Bn is the
open unit ball of Cn, and g = (g1, . . . , gn) is the inverse of f with respect to the composition.
It would be interesting to see to what extent the results of this paper and [27] can be extended to the
Muhly-Solel setting of tensor algebras over C∗-correspondences ([7], [8], [9]).
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1. Hilbert spaces of formal power series and noncommutative domains
In this section, we recall (see [27]) some basic facts regarding the Hilbert spaces H2(f) and the non-
commutative domains Bf (H) associated with n-tuples of formal power series f = (f1, . . . , fn) with the
model property.
Let F+n be the free semigroup with n generators g1, . . . , gn and the identity g0. The length of α ∈ F
+
n
is defined by |α| := 0 if α = g0 and |α| := k if α = gi1 · · · gik , where i1, . . . , ik ∈ {1, . . . , n}. Let
C[Z1, . . . , Zn] be the algebra of noncommutative polynomials with complex coefficients and noncommuting
indeterminates Z1, . . . , Zn. We say that an n-tuple p = (p1, . . . , pn) of polynomials is invertible in
C[Z1, . . . , Zn]
n with respect to the composition if there exists an n-tuple q = (q1, . . . , qn) of polynomials
such that
p ◦ q = q ◦ p = id.
In this case, we say that p = (p1, . . . , pn) has property (A). We introduce an inner product on
C[Z1, . . . , Zn] by setting 〈pα, pβ〉 := δαβ , α, β ∈ F+n , where pα := pi1 · · · pik if α = gi1 · · · gik ∈ F
+
n ,
and pg0 := 1. Let H
2(p) be the completion of the linear span of the noncommutative polynomials pα,
α ∈ F+n , with respect to this inner product.
Denote by B(H) the algebra of all bounded linear operators on an infinite dimensional Hilbert space
H and let Ω0 ⊂ B(H)n be a set containing a ball [B(H)n]r for some r > 0, where
[B(H)n]r :=
{
(X1, . . . , Xn) ∈ B(H)
n : ‖X1X
∗
1 + · · ·+XnX
∗
n‖
1/2
< r
}
.
We say that f : Ω0 → B(H) is a free holomorphic function on Ω0 if there are some complex numbers aα,
α ∈ F+n , such that
f(X) =
∞∑
k=0
∑
|α|=k
aαXα, X = (X1, . . . , Xn) ∈ Ω0,
where the convergence is in the operator norm topology. Here, we denoted Xα := Xi1 · · ·Xik if α =
gi1 · · · gik ∈ F
+
n , and Xg0 := IH. One can show that any free holomorphic function on Ω0 has a unique
representation. The algebra Hball of free holomorphic functions on the open operatorial n-ball of radius
one is defined as the set of all formal power series f =
∑
α∈F+n
aαZα with radius of convergence r(f) ≥ 1,
i.e., {aα}α∈F+n are complex numbers with r(f)
−1 := lim supk→∞
(∑
|α|=k |aα|
2
)1/2k
≤ 1. In this case, the
mapping
[B(H)n]1 ∋ (X1, . . . , Xn) 7→ f(X1, . . . , Xn) :=
∞∑
k=0
∑
|α|=k
aαXα ∈ B(H)
is well-defined, where the convergence is in the operator norm topology. Moreover, the series converges
absolutely, i.e.,
∑∞
k=0
∥∥∥∑|α|=k aαXα∥∥∥ < ∞ and uniformly on any ball [B(H)n]γ with 0 ≤ γ < 1. More
on free holomorphic functions on the unit ball [B(H)n]1 can be found in [21], [24], and [25].
The evaluation of f =
∑
α∈F+n
aαZα is also well-defined if there exists an n-tuple ρ = (ρ1, . . . , ρn) of
strictly positive numbers such that
lim sup
k→∞
∑
|α|=k
|aα|ρα
1/k ≤ 1.
In this case, the series f(X1, . . . , Xn) :=
∑∞
k=0
∑
|α|=k aαXα converges absolutely and uniformly on any
noncommutative polydisc
P (r) := {(X1, . . . , Xn) ∈ B(H)
n : ‖Xj‖ ≤ rj , j = 1, . . . , n}
of multiradius r = (r1, . . . , rn) with rj < ρj, j = 1, . . . , n.
We remark that, when (X1, . . . , Xn) ∈ B(H)
n is a nilpotent n-tuple of operators, i.e., there is m ≥ 1
such that Xα = 0 for all α ∈ F+n with |α| = m, then f(X1, . . . , Xn) makes sense for any formal power
series f .
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Let g =
∑∞
k=0
∑
|α|=k aαZα be a formal power series in indeterminates Z1, . . . , Zn. Denote by Cg(H)
(resp. CSOTg (H)) the set of all Y := (Y1, . . . , Yn) ∈ B(H)
n such that the series
g(Y1, . . . , Yn) :=
∞∑
k=0
∑
|α|=k
aαYα
is norm (resp. SOT) convergent. These sets are called sets of norm (resp. SOT) convergence for the
power series g. We introduce the set Cradg (H) of all Y := (Y1, . . . , Yn) ∈ B(H)
n such that there exists
δ ∈ (0, 1) with the property that rY ∈ Cg(H) for any r ∈ (δ, 1) and
ĝ(Y1, . . . , Yn) := SOT- lim
r→1
∞∑
k=0
∑
|α|=k
aαr
|α|Yα
exists in the strong operator topology. Note that Cg(H) ⊆ CSOTg and C
rad
g (H) ⊆ Cg(H)
SOT
.
Consider an n-tuple of formal power series f = (f1, . . . , fn) in indeterminates Z1, . . . , Zn with the
Jacobian
det Jf (0) := det
[
∂fi
∂Zj
∣∣∣∣
Z=0
]n
i,j=1
6= 0.
As shown in [27], the set {fα}α∈F+n is linearly independent in S[Z1, . . . , Zn], the algebra of all formal
powers series in Z1, . . . , Zn. We introduce an inner product on the linear span of {fα}α∈F+n by setting
〈fα, fβ〉 :=
{
1 if α = β
0 if α 6= β
for α, β ∈ F+n .
Let H2(f) be the completion of the linear span of {fα}α∈F+n with respect to this inner product. Assume
now that f(0) = 0. As seen in [27], f is not a right zero divisor with respect to the composition of power
series, i.e., there is no non-zero formal power series G ∈ S[Z1, . . . , Zn] such that G ◦ f = 0. Consequently,
the elements of H2(f) can be seen as formal power series in S[Z1, . . . , Zn] of the form
∑
α∈F+n
aαfα, where∑
α∈F+n
|aα|2 <∞.
Let f = (f1, . . . , fn) be an n-tuple of formal power series in Z1, . . . , Zn such that f(0) = 0. We say
that f has property (S) if the following conditions hold.
(S1) The n-tuple f has nonzero radius of convergence and detJf (0) 6= 0.
(S2) The indeterminates Z1, . . . , Zn are in the Hilbert spaceH2(f) and each left multiplication operator
MZi : H
2(f)→ H2(f) defined by
MZiψ := Ziψ, ψ ∈ H
2(f),
is a bounded multiplier of H2(f).
(S3) The left multiplication operators Mfj : H
2(f)→ H2(f), Mfjψ = fjψ, satisfy the equations
Mfj = fj(MZ1 , . . . ,MZn), j = 1, . . . , n,
where (MZ1 , . . . ,MZn) is either in the convergence set C
SOT
f (H
2(f)) or Cradf (H
2(f)).
Note that if f is an n-tuple of noncommutative polynomials, then the condition (S3) is always satisfied.
We remark that, when (MZ1 , . . . ,MZn) is in the set C
rad
f (H
2(f)), then the condition (S3) should be
understood as
Mfj = f̂j(MZ1 , . . . ,MZn) := SOT- lim
r→1
fj(rMZ1 , . . . , rMZn), j = 1, . . . , n.
Now, we introduce the class of n-tuples of free holomorphic function with property (F). Let ϕ =
(ϕ1, . . . , ϕn) be an n-tuple of free holomorphic functions on [B(H)n]γ , γ > 0, with range in [B(H)n]1 and
such that ϕ is not a right zero divisor with respect to the composition with free holomorphic functions
on [B(H)n]1. Consider the Hilbert space of free holomorphic functions
H
2(ϕ) := {G ◦ ϕ : G ∈ H2ball},
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with the inner product
〈F ◦ ϕ,G ◦ ϕ〉
H2(ϕ) := 〈F,G〉H2
ball
.
We recall that the noncommutative Hardy spaceH2
ball
is the Hilbert space of all free holomorphic functions
on [B(H)n]1 of the form
f(X1, . . . , Xn) =
∞∑
k=0
∑
|α|=k
aαXα,
∑
α∈F+n
|aα|
2 <∞,
with the inner product 〈f, g〉 :=
∑∞
k=0
∑
|α|=k aαbα, where g =
∑∞
k=0
∑
|α|=k bαXα is another free holo-
morphic function in H2
ball
. We say that ϕ has property (F) if the following conditions hold.
(F1) The n-tuple ϕ = (ϕ1, . . . , ϕn) has the range in [B(H)n]1 and it is not a right zero divisor with
respect to the composition with free holomorphic functions on [B(H)n]1.
(F2) The coordinate functions X1, . . . , Xn on [B(H)n]γ are contained in H2(ϕ) and the left multipli-
cation by Xi is a bounded multiplier of H
2(ϕ).
(F3) For each i = 1, . . . , n, the left multiplication operatorMϕi : H
2(ϕ)→ H2(ϕ) satisfies the equation
Mϕi = ϕi(MZ1 , . . . ,MZn),
where (MZ1 , . . . ,MZn) is either in the convergence set C
SOT
ϕ (H
2(ϕ)) or Cradϕ (H
2(ϕ)).
We mention that if ϕ is an n-tuple of noncommutative polynomials, then the condition (F3) is always
satisfied.
An n-tuple f = (f1, . . . , fn) of formal power series is said to have the model property if it is either one
of the following:
(i) an n-tuple of polynomials with property (A);
(ii) an n-tuple of formal power series with f(0) = 0 and property (S);
(iii) an n-tuple of free holomorphic functions with property (F).
We denote byM the set of all n-tuples f with the model property. For several examples of formal power
series with the model property we refer the reader to [27].
Let f = (f1, . . . , fn) have the model property and let g = (g1, . . . , gn) be the n-tuple of power series
having the representations
gi :=
∞∑
k=0
∑
α∈F+n ,|α|=k
a(i)α Zα, i = 1, . . . , n,
where the sequence of complex numbers {a
(i)
α }α∈F+n is uniquely defined by the condition g ◦ f = id. We
say that an n-tuple of operators X = (X1, . . . , Xn) ∈ B(H)
n satisfies the equation g(f(X)) = X if either
one of the following conditions holds:
(a) X ∈ CSOTf (H) and either
Xi =
∞∑
k=0
∑
α∈F+n ,|α|=k
a(i)α [f(X)]α, i = 1, . . . , n,
where the convergence of the series is in the strong operator topology, or
Xi = SOT- lim
r→1
∞∑
k=0
∑
α∈F+n ,|α|=k
a(i)α r
|α|[f(X)]α, i = 1, . . . , n;
(b) X ∈ Cradf (H) and either
Xi =
∞∑
k=0
∑
α∈F+n ,|α|=k
a(i)α [f̂(X)]α, i = 1, . . . , n,
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where the convergence of the series is in the strong operator topology, or
Xi = SOT- lim
r→1
∞∑
k=0
∑
α∈F+n ,|α|=k
a(i)α r
|α|[f̂(X)]α, i = 1, . . . , n.
We define the noncommutative domain associated with f by setting
Bf (H) := {X = (X1, . . . , Xn) ∈ B(H)
n : g(f(X)) = X and ‖f(X)‖ ≤ 1},
where g = (g1, . . . , gn) is the inverse of f with respect to the composition of power series, and the
evaluations are well-defined as above. Note that the condition g(f(X)) = X is automatically satisfied
when f is an n-tuple of polynomials with property (A).
2. Characteristic functions and models for n-tuples of operators in Bcncf (H)
In this section, we present models for completely non-coisometric (c.n.c.) n-tuples of operators in
noncommutative domains Bf (H), generated by n-tuples of formal power series f = (f1, . . . , fn) of class
Mb, in which the characteristic function occurs explicitly. This is used to show that the characteristic
function is a complete unitary invariant for the c.n.c. n-tuples of operators in Bf (H). We also show
that any contractive multi-analytic operator with respect to MZ1 , . . . ,MZn generates a c.n.c. n-tuple of
operators T := (T1, . . . ,Tn) ∈ Bf (H).
First, we need a few definitions. Let f = (f1, . . . , fn) be an n-tuple of formal power series with the
model property. We say that f has the radial approximation property, and write f ∈ Mrad, if there is
δ ∈ (0, 1) such that (rf1, . . . , rfn) has the model property for any r ∈ (δ, 1]. Denote by M
|| the set of
all formal power series f = (f1, . . . , fn) having the model property and such that the universal model
(MZ1 , . . . ,MZn) associated with the noncommutative domain Bf is in the set of norm-convergence (or
radial norm-convergence) of f . We also introduce the classM
||
rad of all formal power series f = (f1, . . . , fn)
with the property that there is δ ∈ (0, 1) such that rf ∈ M|| for any r ∈ (δ, 1]. We recall that in all the
examples presented in [27], the corresponding n-tuples f = (f1, . . . , fn) are in the classM
||
rad. Moreover,
the n-tuples of polynomials with property (A) are also in the class M
||
rad.
Let f = (f1, . . . , fn) be an n-tuple of formal power series with the model property and assume that fi
has the representation fi(Z1, . . . , Zn) =
∑
α∈F+n
a
(i)
α Zα. We say that f is in the class Mb if either one of
the following conditions holds:
(i) the n-tuple (MZ1 , . . . ,MZn) is in the convergence set C
SOT
f (H
2(f)) and
sup
m∈N
∥∥∥∥∥∥
∑
|α|≤m
a(i)α MZα
∥∥∥∥∥∥ <∞, i = 1, . . . , n;
(ii) the n-tuple (MZ1 , . . . ,MZn) is in the convergence set C
rad
f (H
2(f)) and
sup
r∈[0,1)
∥∥∥∥∥∥
∞∑
k=0
∑
|α|=k
a(i)α r
|α|MZα
∥∥∥∥∥∥ <∞, i = 1, . . . , n.
Note that M
||
rad ⊂M
|| ⊂Mb ⊂M.
We recall that the noncommutative domain associated with f ∈ M is
Bf (H) := {X = (X1, . . . , Xn) ∈ B(H)
n : g(f(X)) = X and ‖f(X)‖ ≤ 1},
where g is the inverse power series of f with respect to the composition. We say that T := (T1, . . . , Tn) ∈
B(H)n is a pure n-tuple of operators in Bf (H) if
SOT- lim
k→∞
∑
α∈Fn, |α|=k
[f(T )]α[f(T )]
∗
α = 0.
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The set of all pure elements of Bf (H) is denoted by B
pure
f (H). An n-tuple T ∈ Bf (H) is called completely
non-coisometric (c.n.c) if there is no vector h ∈ H, h 6= 0, such that〈
Φmf,T (I)h, h
〉
= ‖h‖2 for any m = 1, 2, . . . ,
where the positive linear mapping Φf,T : B(H → B(H) is defined by Φf,T (Y ) :=
n∑
i=1
fi(T )Y fi(T )
∗. The
set of all c.n.c. elements of Bf (H) is denoted by Bcncf (H). Note that
B
pure
f (H) ⊆ B
cnc
f (H) ⊆ Bf (H).
Let Hn be an n-dimensional complex Hilbert space with orthonormal basis e1, e2, . . . , en, where
n ∈ {1, 2, . . .}. We consider the full Fock space of Hn defined by
F 2(Hn) := C1⊕
⊕
k≥1
H⊗kn ,
where H⊗kn is the (Hilbert) tensor product of k copies of Hn. Define the left (resp. right) creation
operators Si (resp. Ri), i = 1, . . . , n, acting on F
2(Hn) by setting
Siϕ := ei ⊗ ϕ, ϕ ∈ F
2(Hn),
(resp. Riϕ := ϕ ⊗ ei). The noncommutative disc algebra An (resp. Rn) is the norm closed algebra
generated by the left (resp. right) creation operators and the identity. The noncommutative analytic
Toeplitz algebra F∞n (resp. R
∞
n ) is the the weakly closed version of An (resp. Rn). These algebras were
introduced in [12] in connection with a noncommutative version of the classical von Neumann inequality
[29].
A free holomorphic function g on [B(H)n]1 is bounded if ‖g‖∞ := sup ‖g(X)‖ < ∞, where the
supremum is taken over all X ∈ [B(H)n]1 and H is an infinite dimensional Hilbert space. Let H∞ball be
the set of all bounded free holomorphic functions and let Aball be the set of all elements f ∈ H∞ball such
that the mapping
[B(H)n]1 ∋ (X1, . . . , Xn) 7→ g(X1, . . . , Xn) ∈ B(H)
has a continuous extension to the closed ball [B(H)n]−1 . We showed in [21] that H
∞
ball
and Aball are
Banach algebras under pointwise multiplication and the norm ‖ · ‖∞. The noncommutative Hardy space
H∞
ball
can be identified to the noncommutative analytic Toeplitz algebra F∞n . More precisely, a bounded
free holomorphic function g is uniquely determined by its (model) boundary function g˜ ∈ F∞n defined
by g˜ := SOT- limr→1 g(rS1, . . . , rSn). Moreover, g is the noncommutative Poisson transform [17] of g˜ at
X ∈ [B(H)n]1, i.e., g(X) = PX [g˜ ⊗ I]. Similar results hold for bounded free holomorphic functions on
the noncommutative ball [B(H)n]γ , γ > 0.
The next result provides a characterization for the n-tuples of formal power series f with property (S)
which are in Mb. A similar result holds if f has property (F).
Lemma 2.1. Let f = (f1, . . . , fn) be an n-tuple of formal power series with f(0) = 0 and detJf (0) 6= 0.
Assume that fi has the representation fi(Z1, . . . , Zn) =
∑
α∈F+n
a
(i)
α Zα and let g = (g1, . . . , gn) be the
inverse of f under the composition. Then f is in the class Mb if and only if each gi is a bounded free
holomorphic function on [B(H)n]1 and either one of the following conditions holds:
(i) Si = SOT- limm→∞
∑
|α|≤m a
(i)
α g˜α and
sup
m∈N
∥∥∥∥∥∥
∑
|α|≤m
a(i)α g˜α
∥∥∥∥∥∥ <∞, i = 1, . . . , n;
(ii) Si = SOT- limr→1
∑∞
k=0
∑
|α|=k a
(i)
α r|α|g˜α and
sup
r∈[0,1)
∥∥∥∥∥∥
∞∑
k=0
∑
|α|=k
a(i)α r
|α|g˜α
∥∥∥∥∥∥ <∞, i = 1, . . . , n,
where the series converges in the operator norm topology.
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Proof. Assume that f has the property (S) and let g = (g1, . . . , gn) be its inverse with respect to the
composition. Let U : H2(f) → F 2(Hn) be the unitary operator defined by U(fα) := eα, α ∈ F
+
n . Note
that Zi =
∑
α∈F+n
b
(i)
α fα = U
−1(ϕi) for some coefficients b
(i)
α such that ϕ :=
∑
α∈F+n
b
(i)
α eα ∈ F 2(Hn).
Note that MZi is a bounded left multiplier of H
2(f) if and only if ϕi is a bounded left multiplier of
F 2(Hn). Moreover, MZi = U
−1ϕi(S1, . . . , Sn)U , where ϕi(S1, . . . , Sn) is in the noncommutative Hardy
algebra F∞n and has the Fourier representation
∑
α∈F+n
b
(i)
α Sα. According to Theorem 3.1 from [21], we
deduce that gi =
∑
α∈F+n
a
(i)
α Zα is a bounded free holomorphic function on the unit ball [B(H)n]1 and has
its model boundary function g˜i = ϕi(S1, . . . , Sn). On the other hand, note that the left multiplication
operator Mfj : H
2(f)→ H2(f) defined by
Mfj
∑
α∈F+n
cαfα
 = ∑
α∈F+n
cαfjfα,
∑
α∈F+n
|cα|
2 <∞,
satisfies the equation
Mfj = U
−1SjU, j = 1, . . . , n,
where S1, . . . , Sn are the left creation operators on F
2(Hn). Since MZi = U
−1g˜iU , where g˜i is the
model boundary function of gi ∈ H∞ball, it is easy to see that the relation Mfj = fj(MZ1 , . . . ,MZn) for
j = 1, . . . , n is equivalent to the fact that the model boundary function g˜ = (g˜1, . . . , g˜n) satisfies either
one of the following conditions:
(a) g˜ is in CSOTf (H
2(f)) and Si = fi(g˜1, . . . , g˜n), i = 1, . . . , n;
(b) g˜ is in Cradf (H
2(f)) and Si = SOT- limr→1 fj(rg˜1, . . . , rg˜n) for i = 1, . . . , n.
Now, one can easily see that f ∈Mb if and only if the conditions in the lemma hold. 
Proposition 2.2. Let f = (f1, . . . , fn) be an n-tuple of formal power series in the class Mb and let
g = (g1, . . . , gn) be its inverse under the composition. Then the set B
cnc
f (H) coincides with the image of
all c.n.c. row contractions under g. Moreover, Bpuref (H) = g([B(H)
n]pure1 ).
Proof. Set [B(H)n]cnc1 := {X ∈ [B(H)
n]−1 : X is a c.n.c. row contraction} and note that B
cnc
f (H) ⊆
{g(Y ) : Y ∈ [B(H)n]cnc1 }. To prove the reversed inclusion let W = g(Y ), where Y ∈ [B(H)
n]cnc1 .
Assume that fi has the representation fi(Z1, . . . , Zn) =
∑
α∈F+n
a
(i)
α Zα. Since f ∈ Mb, using Lemma 2.1
and the fact that the noncommutative Poisson transform PY is SOT -continuous on bounded sets (since
Y is a c.n.c. row contraction), we deduce that either
Yi = PY [Si ⊗ I] = SOT- lim
m→∞
∑
|α|≤m
a(i)α PY [g˜α ⊗ I]
= SOT- lim
m→∞
∑
|α|≤m
a(i)α [g(Y )]α
or
Yi = PY [Si ⊗ I] = SOT- lim
r→1
∞∑
k=0
∑
|α|=k
a(i)α r
|α|PY [g˜α ⊗ I]
= SOT- lim
r→1
∞∑
k=0
∑
|α|=k
a(i)α r
|α|[g(Y )]α.
Therefore, we obtain Yi = fi(g1(Y ), . . . , gn(Y )) for i = 1, . . . , n. Consequently, we have f(g(Y )) = Y
which implies that f(W ) = f(g(Y )) = Y and g(f(W )) = g(Y ) = W , and shows that W ∈ Bcncf (H).
Therefore, Bcncf (H) = g([B(H)
n]cnc1 ), the function g is one-to-one on [B(H)
n]cnc1 , and f is its inverse on
B
cnc
f (H). Consequently, since B
pure
f (H) ⊂ B
cnc
f (H), we deduce that B
pure
f (H) = g([B(H)
n]pure1 ). The
proof is complete. 
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For simplicity, throughout this paper, T := [T1, . . . , Tn] denotes either the n-tuple (T1, . . . , Tn) of
bounded linear operators on a Hilbert space H or the row operator matrix [T1 · · · Tn] acting from H(n)
to H, where H(n) := ⊕ni=1H is the direct sum of n copies of H. Assume that T := [T1, . . . , Tn] is a row
contraction, i.e.,
T1T
∗
1 + · · ·+ TnT
∗
n ≤ I.
The defect operators of T are
∆T :=
(
IH −
n∑
i=1
TiT
∗
i
)1/2
∈ B(H) and ∆T∗ := (IH(n) − T
∗T )1/2 ∈ B(H(n)),
and the defect spaces of T are defined by
DT := ∆TH and DT∗ := ∆T∗H(n).
We recall that the characteristic function of a row contraction T := [T1, . . . , Tn] is the multi-analytic
operator ΘT : F
2(Hn)⊗DT∗ → F
2(Hn)⊗DT with the formal Fourier representation
−I ⊗ T + (I ⊗∆T )
(
I −
n∑
i=1
Ri ⊗ T
∗
i
)−1
[R1 ⊗ IH, . . . , Rn ⊗ IH] (I ⊗∆T∗) ,
where R1, . . . , Rn are the right creation operators on the full Fock space F
2(Hn). The characteristic
function associated with an arbitrary row contraction T := [T1, . . . , Tn], Ti ∈ B(H), was introduce in
[11] (see [28] for the classical case n = 1) and it was proved to be a complete unitary invariant for
completely non-coisometric (c.n.c.) row contractions.
Now, let f = (f1, . . . , fn) be an n-tuple of formal power series with the model property. The char-
acteristic function of an n-tuple T = (T1, . . . , Tn) ∈ Bf (H) was introduced in [27] as the multi-analytic
operator with respect to MZ1 , . . . ,MZn ,
Θf,T : H
2(f)⊗Df,T∗ → H
2(f)⊗Df,T ,
with the formal Fourier representation
−IH2(f) ⊗ f(T ) +
(
IH2(f) ⊗∆f,T
)(
IH2(f)⊗H −
n∑
i=1
Λi ⊗ fi(T )
∗
)−1
[Λ1 ⊗ IH, . . . ,Λn ⊗ IH]
(
IH2(f) ⊗∆f,T∗
)
,
where Λ1, . . . ,Λn are the right multiplication operators by the power series fi on the Hardy space H
2(f)
and the defect operators associated with T := (T1, . . . , Tn) ∈ Bf (H) are
∆f,T :=
(
IH −
n∑
i=1
fi(T )fi(T )
∗
)1/2
∈ B(H) and ∆f,T∗ := (I − f(T )
∗f(T ))1/2 ∈ B(H(n)),
while the defect spaces are Df,T := ∆f,TH and Df,T∗ := ∆f,T∗H(n). We recall that a bounded operator
Φ : H2(f) ⊗ K1 → H2(f) ⊗ K2 is multi-analytic with respect to MZ1 , . . . ,MZn if Φ(MZi ⊗ IK1) =
(MZi ⊗ IK2)Φ for any i = 1, . . . , n.
In what follows, we present a model for the n-tuples of operators in Bcncf (H) in which the characteristic
function occurs explicitly.
Theorem 2.3. Let f = (f1, . . . , fn) be an n-tuple of formal power series in the class Mb and let
(MZ1 , . . . ,MZn) be the universal model associated with the noncommutative domain Bf . Every n-tuple
of operators T := (T1, . . . , Tn) in B
cnc
f (H) is unitarily equivalent to an n-tuple T := (T1, . . . ,Tn) in
Bcncf (H) on the Hilbert space
H := [(H2(f)⊗Df,T )⊕∆Θf,T (H
2(f)⊗Df,T∗)]⊖ {Θf,Tx⊕∆Θf,T x : x ∈ H
2(f)⊗Df,T∗},
where ∆Θf,T := (I −Θ
∗
f,TΘf,T )
1/2 and the operator Ti is defined by
T∗i [x⊕∆Θf,T y] := (M
∗
Zi ⊗ IDf,T )x⊕D
∗
i (∆Θf,T y), i = 1, . . . , n,
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for x ∈ H2(f)⊗Df,T , y ∈ H2(f)⊗Df,T∗ , where Di(∆Θf,T y) := ∆Θf,T (MZi ⊗ IDf,T∗ )y.
Moreover, T is a pure n-tuple of operators in Bf (H) if and only if the characteristic function Θf,T
is an isometry. In this case the model reduces to
H =
(
H
2(f)⊗Df,T
)
⊖Θf,T (H
2(f)⊗Df,T∗), T
∗
i x = (M
∗
Zi ⊗ IDf,T )x, x ∈ H.
Proof. If T := (T1, . . . , Tn) is in Bf (H)cnc, then the n-tuple f(T ) := (f1(T ), . . . , fn(T )) is a c.n.c row
contraction. According to [11], f(T ) is unitarily equivalent to a row contraction A := (A1, . . . ,An) on
the Hilbert space
H˜ := [(F 2(Hn)⊗Df(T ))⊕∆Θf(T )(F
2(Hn)⊗Df(T )∗)]⊖ {Θf(T )z ⊕∆Θf(T )z : z ∈ F
2(Hn)⊗Df(T )∗},
where Θf(T ) is the characteristic function of the row contraction f(T ) := (f1(T ), . . . , fn(T )), the defect
operator ∆Θf(T ) := (I −Θ
∗
f(T )Θf(T ))
1/2, and the operator Ai is defined on H˜ by setting
(2.1) A∗i [ω ⊕∆Θf(T )z] := (S
∗
i ⊗ IDf(T ))ω ⊕ C
∗
i (∆Θf(T )z), i = 1, . . . , n,
for ω ∈ F 2(Hn)⊗Df(T ), z ∈ F
2(Hn)⊗Df(T )∗ , where Ci is defined on ∆Θf(T )(F
2(Hn)⊗Df(T )∗) by
Ci(∆Θf(T )z) := ∆Θf(T )(Si ⊗ IDf(T )∗ )z, i = 1, . . . , n,
and S1, . . . , Sn are the left creation operators on the full Fock space F
2(Hn). Since f(T ) and A are
completely non-coisometric row contractions and g, the inverse of f with respect to the composition,
is a bounded free holomorphic function on the unit ball [B(H)n]1, then, using the functional calculus
for c.n.c. row contractions (see [13]), it makes sense to talk about g(A) := (g1(A), . . . , gn(A)) and
g(f(T )) := (g1(f(T )), . . . , gn(f(T ))). Consequently, since g(f(T )) = T and f(T ) is unitarily equivalent
to A, we deduce that T = (T1, . . . , Tn) is unitarily equivalent to T := (T1, . . . ,Tn), where Ti = gi(A).
Since f ∈Mb, we use Proposition 2.2 to conclude that T ∈ Bcncf (H˜).
Consider the canonical unitary operator U : H2(f)→ F 2(Hn) defined by Ufα = eα, α ∈ F+n and note
that
(2.2) Θf,T = (U
∗ ⊗ IDf,T )Θf(T )(U ⊗ IDf,T∗ ),
where Θf(T ) is the characteristic function of the row contraction f(T ) = [f1(T ), . . . , fn(T )]. Hence, we
deduce that
(2.3) ∆Θf,T = (U
∗ ⊗ IDf,T∗ )∆Θf(T )(U ⊗ IDf,T∗ ).
Define the subspaces
G := {Θf,Tx⊕∆Θf,T x : x ∈ H
2(f)⊗Df,T∗}
and
G˜ := {Θf(T )z ⊕∆Θf(T )z : z ∈ F
2(Hn)⊗Df(T )∗},
and the unitary operator Γ acting from the Hilbert space (H2(f) ⊗ Df,T ) ⊕ ∆Θf,T (H
2(f)⊗Df,T∗) to
(F 2(Hn)⊗Df(T ))⊕∆Θf(T )(F
2(Hn)⊗Df(T )∗) and defined by
Γ := (U ⊗ IDf,T )⊕ (U ⊗ IDf,T∗ ).
Since Df,T = Df(T ) and Df,T∗ = Df(T )∗ , it is easy to see that that Γ(G) = G˜ and Γ(H) = H˜. Therefore,
Γ|H : H→ H˜ is a unitary operator.
We introduce the operators Bi := (Γ|H)−1Ti(Γ|H), i = 1, . . . , n. Since the n-tuple (T1, . . . ,Tn) is in
Bcncf (H˜), we deduce that B := (B1, . . . ,Bn) is in B
cnc
f (H).
Now, we show that the operators Ti, i = 1, . . . , n, defined in the theorem are well-defined and bounded
on the Hilbert space H. Note that since Θf,T is a multi-analytic operator with respect to MZ1 , . . . ,MZn ,
we have ∥∥Di(∆Θf,T y)∥∥ = ∥∥∆Θf,T (MZi ⊗ IDf,T∗ )y∥∥
=
〈
M∗ZiMZi ⊗ IDf,T∗ −Θ
∗
f,TM
∗
ZiMZiΘf,T )y, y
〉
= ‖Zi‖
2
H2(f)
〈
(I −Θ∗f,TΘf,T )y, y
〉
= ‖Zi‖
2
H2(f)
∥∥∆Θf,T y∥∥2
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for any y ∈ H2(f) ⊗ Df,T∗ . Consequently, Di extends to a unique bounded operator on the Hilbert
space ∆Θf,T (H
2(f)⊗Df,T∗). Note also that due to the fact that the subspace G is invariant under
(MZi ⊗ IDf,T∗ )⊕Di, we have
[
(M∗Zi ⊗ IDf,T∗ )⊕D
∗
i
]
(H) ⊂ H, which proves our assertion.
Our next step is to show that Bi = Ti for i = 1, . . . , n. First, note that due to relation (2.1) and the
functional calculus for c.n.c. row contractions, we have(
ω ⊕∆Θf(T )z,Ti(ω
′ ⊕∆Θf(T )z
′)
〉
=
(
ω ⊕∆Θf(T )z, gi(A1, . . . ,An)(ω
′ ⊕∆Θf(T )z
′)
〉
= lim
r→1
〈
ω ⊕∆Θf(T )z, gi
(
r[(S1 ⊗ IDf(T ))⊕ C1], . . . , r[(Sn ⊗ IDf(T ))⊕ Cn)]
)
(ω′ ⊕∆Θf(T )z
′)
〉
= lim
r→1
〈
ω ⊕∆Θf(T )z,
[
(gi(rS1, . . . , rSn)⊗ IDf(T ))⊕ gi(rC1, . . . , rCn)
]
(ω′ ⊕∆Θf(T )z
′)
〉
= lim
r→1
〈
ω ⊕∆Θf(T )z, [gi(rS1, . . . , rSn)⊗ IDf(T ) ]ω
′ ⊕ [∆Θf(T )(gi(rS1, . . . , rSn)⊗ IDf(T )∗ )]z
′
〉
for any ω, ω′ ∈ F 2(Hn)⊗Df(T ) and z, z
′ ∈ F 2(Hn)⊗Df(T )∗ .
Now, using relation (2.3), for any x, x′ ∈ H2(f)⊗Df,T and y, y′ ∈ H2(f)⊗Df,T∗ , we have〈
x⊕∆Θf,T y,Bi(x
′ ⊕∆Θf,T y
′)
〉
=
〈
x⊕∆Θf,T y, (Γ|H)
−1
Ti(Γ|H)(x
′ ⊕∆Θf,T y
′)
〉
=
〈
[(U ⊗ IDf,T )x ⊕∆Θf,T (U ⊗ IDf,T )y],Ti[(U ⊗ IDf,T )x
′ ⊕∆Θf,T (U ⊗ IDf,T )y
′]
〉
.
Setting ω = (U ⊗ IDf,T )x, z = (U ⊗ IDf,T )y, ω
′ = (U ⊗ IDf,T )x
′, z′ = (U ⊗ IDf,T )y
′, and combining the
results above, we obtain〈
x⊕∆Θf,T y,Bi(x
′ ⊕∆Θf,T y
′)
〉
= lim
r→1
〈
[(U ⊗ IDf,T )x ⊕∆Θf,T (U ⊗ IDf,T )y],
[gi(rS1, . . . , rSn)⊗ IDf(T ) ](U ⊗ IDf,T )x
′ ⊕ [∆Θf(T )(gi(rS1, . . . , rSn)⊗ IDf(T )∗ )](U
∗ ⊗ IDf,T )y
′
〉
= lim
r→1
〈
x⊕∆Θf,T y, [(U
∗gi(rS1, . . . , rSn)U)⊗ IDf,T ]x
′ ⊕ [∆Θf(T )(U
∗gi(rS1, . . . , rSn)U ⊗ IDf(T )∗ )]y
′
〉
= lim
r→1
〈
x⊕∆Θf,T y, [gi(rMf1 , . . . , rMfn)⊗ IDf,T ]x
′ ⊕ [∆Θf(T )(gi(rMf1 , . . . , rMfn)⊗ IDf(T )∗ )]y
′.
〉
On the other hand, since f has the model property, we have
MZi = gi(Mf1 , . . . ,Mfn) = SOT- lim
r→1
gi(rMf1 , . . . , rMfn).
Now, we can deduce that〈
x⊕∆Θf,T y,Bi(x
′ ⊕∆Θf,T y
′)
〉
=
〈
x⊕∆Θf,T y, (MZi ⊗ IDf,T )x
′ ⊕∆Θf(T )(MZi ⊗ IDf,T )y
′
〉
=
〈
x⊕∆Θf,T y,Ti(x⊕∆Θf,T y
′)
〉
for any x, x′ ∈ H2(f)⊗ Df,T and y, y′ ∈ H2(f) ⊗Df,T∗ . Hence, we obtain Bi = Ti for any i = 1, . . . , n,
which completes the first part of the proof.
Since the n-tuples of operators T := (T1, . . . , Tn) and T := (T1, . . . ,Tn) = (g1(A), . . . , gn(A)) are
unitarily equivalent, we deduce that T ∈ Bpuref (H) if and only if T ∈ B
pure
f (H˜). On the other hand, due
to Proposition 2.2, T ∈ Bpuref (H˜) if and only if A ∈ [B(H)
n]pure1 . Since the row contraction f(T ) :=
(f1(T ), . . . , fn(T )) is unitarily equivalent to A, Theorem 4.1 from [11] shows that A is pure if and only if
the characteristic function Θf(T ) is an isometry which, due to relation (2.2), is equivalent to Θf,T being
an isometry. This completes the proof. 
Let Φ : H2(f) ⊗ K1 → H2(f) ⊗ K2 and Φ′ : H2(f) ⊗ K′1 → H
2(f) ⊗ K′2 be two multi-analytic
operators with respect toMZ1 , . . . ,MZn . We say that Φ and Φ
′ coincide if there are two unitary operators
τj ∈ B(Kj ,K′j), j = 1, 2, such that
Φ′(IH2(f) ⊗ τ1) = (IH2(f) ⊗ τ2)Φ.
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The next result shows that the characteristic function is a complete unitary invariant for the n-tuples of
operators in the c.n.c. part of the noncommutative domain Bf (H).
Theorem 2.4. Let f = (f1, . . . , fn) be an n-tuple of formal power series in the class Mb and let
T := (T1, . . . , Tn) ∈ Bcncf (H) and T
′ := (T ′1, . . . , T
′
n) ∈ B
cnc
f (H
′). Then T and T ′ are unitarily equivalent
if and only if their characteristic functions Θf,T and Θf,T ′ coincide.
Proof. Assume that T and T ′ are unitarily equivalent and let W : H → H′ be a unitary operator such
that Ti = W
∗T ′iW for any i = 1, . . . , n. Since T ∈ C
SOT
f (H) or T ∈ C
rad
f (H) and similar relations hold
for T ′, it is easy to see that
W∆f,T = ∆f,T ′W and (⊕
n
i=1W )∆f,T∗ = ∆f,T ′∗(⊕
n
i=1W ).
Define the unitary operators τ and τ ′ by setting
τ :=W |Df,T : Df,T → Df,T ′ and τ
′ := (⊕ni=1W )|Df,T∗ : Df,T∗ → Df,T ′∗ .
Using the definition of the characteristic function, we deduce that that
(IH2(f) ⊗ τ)Θf,T = Θf,T ′(IH2(f) ⊗ τ
′).
Conversely, assume that the characteristic functions of T and T ′ coincide. Then there exist unitary
operators τ : Df,T → Df,T ′ and τ∗ : Df,T∗ → Df,T ′∗ such that
(2.4) (IH2(f) ⊗ τ)Θf,T = Θf,T ′(IH2(f) ⊗ τ∗).
Hence, we obtain
(2.5) ∆Θf,T =
(
IH2(f) ⊗ τ∗
)∗
∆Θf,T ′
(
IH2(f) ⊗ τ∗
)
and (
IH2(f) ⊗ τ∗
)
∆f,T (H2(f)⊗Df,T∗) = ∆f,T ′(H2(f)⊗Df,T ′∗).
Consider the Hilbert spaces
Kf,T := [(H
2(f)⊗Df,T )⊕∆Θf,T (H
2(f)⊗Df,T∗)],
Gf,T := {Θf,Tx⊕∆Θf,T x : x ∈ H
2(f)⊗Df,T∗},
and Hf,T := Kf,T ⊖Gf,T . We define the unitary operator Γ : Kf,T → Kf,T ′ by setting
Γ := (IH2(f) ⊗ τ) ⊕ (IH2(f) ⊗ τ∗).
Due to relations (2.4) and (2.5), we have Γ(Gf,T ) = Gf,T ′ and Γ(Hf,T ) = Hf,T ′ . Therefore, the operator
Γ|Hf,T : Hf,T → Hf,T ′ is unitary. Now, let T := [T1, . . .Tn] and T
′ := [T′1, . . .T
′
n] be the models
provided by Theorem 2.3 for the n-tuples T and T ′, respectively.
We recall that the operator Di is defined by Di(∆Θf,T y) := ∆Θf,T (MZi ⊗ IDf,T∗ )y for all y ∈
H2(f)⊗Df,T∗ . Using relation (2.5), we deduce that
D′i((I ⊗ τ∗)∆Θf,T y) = D
′
i(∆Θf,T ′ (I ⊗ τ∗)y)
= ∆Θf,T ′ (MZi ⊗ IDf,T ′∗ )(I ⊗ τ∗)y)
= (I ⊗ τ∗)∆Θf,T (MZi ⊗ IDf,T∗ )y
= (I ⊗ τ∗)Di(∆Θf,T y).
Consequently, we obtain that D′i
∗
(I ⊗ τ∗) = (I ⊗ τ∗)D∗i . On the other hand, we have
(M∗Zi ⊗ IDf,T ′ )(IH2(f) ⊗ τ) = (IH2(f) ⊗ τ)(M
∗
Zi ⊗ IDf,T ).
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Combining these relations and using the definition of the unitary operator Γ, we deduce that
T′i
∗
Γ(x+∆Θf,T y) = T
′
i
∗ (
(IH2(f) ⊗ τ)x⊕ (IH2(f) ⊗ τ∗)∆Θf,T y
)
= T′i
∗
(
(IH2(f) ⊗ τ)x ⊕∆Θf,T ′ (IH2(f) ⊗ τ∗)y
)
= (M∗Zi ⊗ IDf,T ′ )(IH2(f) ⊗ τ)x ⊕D
′
i
∗
(
∆Θf,T ′ (IH2(f) ⊗ τ∗)y
)
= (M∗Zi ⊗ IDf,T ′ )(IH2(f) ⊗ τ)x ⊕D
′
i
∗ (
(IH2(f) ⊗ τ∗)∆Θf,T y
)
= (IH2(f) ⊗ τ)(M
∗
Zi ⊗ IDf,T )x⊕ (IH2(f) ⊗ τ∗)D
′
i
∗ (
∆Θf,T y
)
= ΓT∗i (x⊕∆Θf,T y)
for any x ⊕ ∆Θf,T y ∈ Hf,T and i = 1, . . . , n. Consequently, we obtain T
′
i
∗
(Γ|Hf,T ) = (Γ|Hf,T )T
∗
i for
i = 1, . . . , n. Now, using Theorem 2.3, we conclude that T and T ′ are unitarily equivalent. The proof is
complete. 
In what follows we prove that any contractive multi-analytic operator Θ : H2(f) ⊗ E∗ → H2(f) ⊗
E (E , E∗ are Hilbert spaces) with respect to MZ1 , . . . ,MZn generates a c.n.c. n-tuple of operators
T := (T1, . . . ,Tn) ∈ Bf (H). We mention that Θ is called purely contractive if ‖PEΘ(1⊗ x)‖ < ‖x‖ for
any x ∈ E∗.
Theorem 2.5. Let f = (f1, . . . , fn) be an n-tuple of formal power series in the class Mb and let
(MZ1 , . . . ,MZn) be the universal model associated with the noncommutative domain Bf . Let Θ : H
2(f)⊗
E∗ → H
2(f)⊗E be a contractive multi-analytic operator and set ∆Θ := (I −Θ
∗Θ)1/2 . Then the n-tuple
T := (T1, . . . ,Tn) defined on the Hilbert space
H := [(H2(f)⊗ E)⊕∆Θ(H2(f)⊗ E∗)]⊖ {Θy ⊕∆Θy : y ∈ H
2(f)⊗ E∗}
by
T∗i (x ⊕∆Θy) := (M
∗
Zi ⊗ IE∗)x⊕D
∗
i (∆Θy), i = 1, . . . , n,
where each operator Di is defined by
Di(∆Θy) := ∆Θ(MZi ⊗ IE )y, y ∈ H
2(f)⊗ E∗,
is in Bcncf (H).
Moreover, if Θ is purely contractive and
∆Θ(H2(f)⊗ E∗) = ∆Θ(∨ni=1Mfi(H
2(f)⊗ E∗)),
then Θ coincides with the characteristic function of the n-tuple T := (T1, . . . ,Tn).
Proof. Since f = (f1, . . . , fn) has the model property, we haveMfj = fj(MZ1 , . . . ,MZn) where the n-tuple
(MZ1 , . . . ,MZn) is either in the convergence set C
SOT
f (H
2(f)) or Cradf (H
2(f)), and gj(Mf1 , . . . ,Mfn) =
MZj where (Mf1 , . . . ,Mfn) is in the convergence set C
rad
g (H
2(f)). Consequently, we have Θ(MZi ⊗
IE∗) = (MZi ⊗ IE), i = 1, . . . , n, if and only if Θ(Mfi ⊗ IE∗) = (Mfi ⊗ IE), i = 1, . . . , n. Setting
Ψ := (U ⊗ IE )Θ(U∗ ⊗ IE∗), where the canonical unitary operator U : H
2(f) → F 2(Hn) is defined by
Ufα = eα, α ∈ F
+
n , we deduce that Ψ is a multi-analytic operator on the Fock space F
2(Hn), i.e.,
Ψ(Si ⊗ IE∗) = (Si ⊗ IE) for i = 1, . . . , n.
Define the n-tuple A := (A1, . . . ,An) on the Hilbert space
H˜ := [(F 2(Hn)⊗ E)⊕∆Ψ(F 2(Hn)⊗ E∗)]⊖ {Ψz ⊕∆Ψz : z ∈ F
2(Hn)⊗ E∗},
where the defect operator ∆Ψ := (I − Ψ∗Ψ)1/2 and the operator Ai, i = 1, . . . , n, is defined on H˜ by
setting
A∗i [ω ⊕∆Ψz] := (S
∗
i ⊗ IE)ω ⊕ C
∗
i (∆Ψz), i = 1, . . . , n,
for ω ∈ F 2(Hn)⊗ E , z ∈ F 2(Hn)⊗ E∗, where Ci is defined on ∆Ψ(F 2(Hn)⊗ E∗) by
Ci(∆Ψz) := ∆Ψ(Si ⊗ IE∗)z, i = 1, . . . , n,
and S1, . . . , Sn are the left creation operators on the full Fock space F
2(Hn).
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Consider the Hilbert spaces
K˜ := (F 2(Hn)⊗ E)⊕∆Ψ(F 2(Hn)⊗ E∗)
and
G˜ := {Ψz ⊕∆Ψz : z ∈ F
2(Hn)⊗ E∗}.
Since Ψ is a multi-analytic operator on the Fock space F 2(Hn), it is easy to see the [C1, . . . , Cn] is a row
isometry and G˜ is invariant under each operator Wi := Si ⊕ Ci, i = 1, . . . , n, acting on K˜. Therefore,
A∗i = W
∗
i |H˜, i = 1, . . . , n. Note also that A = [A1, . . . ,An] is a c.n.c. row contraction. Indeed, let
ω ⊕∆Ψz ∈ H˜ be such that
∑
|α|=k ‖A
∗
α(ω ⊕∆Ψz)‖
2 = ‖ω ⊕∆Ψz‖2 for any k ∈ N. Taking into account
that limk→∞
∑
|α|=k ‖S
∗
αω‖
2 = 0 and
∑
|α|=k ‖C
∗
α∆Ψz‖
2 ≤ ‖∆Ψz‖2, we deduce that ω = 0. On the other
hand, since 0 ⊕ ∆Ψz ∈ H˜, we must have 〈0⊕∆Ψz,Ψu⊕∆Ψu〉 = 0 for any u ∈ F 2(Hn) ⊗ E∗, which
implies ∆Ψz = 0 and proves our assertion.
Since A is a completely non-coisometric row contractions and g, the inverse of f with respect to the
composition, is a bounded free holomorphic function on the unit ball [B(H)n]1, it makes sense to talk
about g(A) := (g1(A), . . . , gn(A)) using the functional calculus for c.n.c. row contractions (see [13]).
Since f ∈ Mb, setting T := (T1, . . . ,Tn), where Ti = gi(A), and using Proposition 2.2, we deduce that
T ∈ Bcncf (H˜). Consider the unitary operator Γ acting from the Hilbert space (H
2(f)⊗E)⊕∆Θ(H2(f)⊗ E∗)
to (F 2(Hn)⊗ E)⊕∆Ψ(F 2(Hn)⊗ E∗) and defined by
Γ := (U ⊗ IE )⊕ (U ⊗ IE∗).
As in the proof of Theorem 2.3, one can show thatTi is a bounded operator onH andTi = (Γ|H)−1Ti(Γ|H),
i = 1, . . . , n. Consequently, we have T ∈ Bcncf (H), which proves the first part of the theorem.
To prove the second part of the theorem, we assume that Θ is purely contractive, i.e., ‖PEΘ(1⊗x)‖ <
‖x‖ for any x ∈ E∗, and
∆Θ(H2(f)⊗ E∗) = ∆Θ(∨ni=1Mfi(H
2(f)⊗ E∗)).
These conditions imply that Ψ is purely contractive and
∆Ψ(F 2(Hn)⊗ E∗) = ∆Ψ[(F 2(Hn)⊗ E∗)⊖ E∗].
According to Theorem 4.1 from [11], the multi-analytic operator Ψ coincides with the characteristic
function ΘA of the row contraction A = [A1, . . . ,An].
Note that the characteristic function of T = g(A) ∈ Bcnc
f
(H˜) is
Θf,T = (U
∗ ⊗ I)Θf(T)(U ⊗ I) = (U
∗ ⊗ I)ΘA(U ⊗ I).
Since Ti = (Γ|H)−1Ti(Γ|H), i = 1, . . . , n, we also have that the characteristic functions Θf,T and Θf,T
coincide. Combining these results with the fact that (U∗ ⊗ IE∗)Ψ(U ⊗ IE ) = Θ, we conclude that Θ
coincides with Θf,T. The proof is complete. 
3. Dilation theory on noncommutative domains
In this section, we study the ∗-representations of the C∗-algebra C∗(MZ1 , . . . ,MZn) and obtain a Wold
type decomposition for the nondegenerate ∗-representations. Under natural conditions on the n-tuple
f = (f1, . . . , fn) of formal power series, we show that any n-tuple T = (T1, . . . , Tn) of operators is in the
noncommutative domain Bf (H), has a minimal dilation which is unique up to an isomorphism. We also
provide a commutant lifting theorem for Bf (H).
Proposition 3.1. Let f = (f1, . . . , fn) be an n-tuple of formal power series in the class M|| and let
(MZ1 , . . . ,MZn) be the universal model associated with Bf . Then all compact operators in B(H
2(f)) are
contained in C∗(MZ1 , . . . ,MZn).
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Proof. Since f ∈M||, the universal n-tuple (MZ1 , . . . ,MZn) is in the set of norm-convergence (or radial
norm-convergence) for f and, consequently, the operator fi(MZ) is in span{MZαM
∗
Zβ
: α, β ∈ F+n }.
Taking into account that f = (f1, . . . , fn) is an n-tuple of formal power series with the model property,
we have Mfi = fi(MZ1 , . . . ,MZn). On the other hand, the orthogonal projection of H
2(f) onto the
constant power series satisfies the equation PC = I −
∑n
i=1 fi(MZ)fi(MZ)
∗. Therefore, PC is also in the
above-mentioned span. Let q(MZ) :=
∑
|α|≤m aα[f(MZ)]α and let ξ :=
∑
β∈F+n
bβfβ ∈ H2(f). Note
PCq(MZ)
∗ξ = PC
∑
|α|≤m
aαM
∗
fαξ =
∑
|α|≤m
aαbα
=
〈
ξ,
∑
|α|≤m
aαfα
〉
= 〈ξ, q(MZ)1〉 .
Consequently, if r(MZ) :=
∑
|γ|≤p cγ [f(MZ)]γ , then
(3.1) r(MZ)PCq(MZ)
∗ξ = 〈ξ, q(MZ)1〉 r(MZ)1,
which shows that r(MZ)PCq(MZ)
∗ is a rank one operator in B(H2(f)). Taking into account that the
vectors of the form
∑
|α|≤m aα[f(MZ)]α1, where m ∈ N, aα ∈ C, are dense in H
2(f), and using relation
(3.1), we deduce that all compact operators in B(H2(f)) are in span{MZαM
∗
Zβ
: α, β ∈ F+n }. The proof
is complete. 
The next result, is a Wold type decomposition for nondegenerate ∗-representations of the C∗-algebra
C∗(MZ1 , . . . ,MZn).
Theorem 3.2. Let f = (f1, . . . , fn) be an n-tuple of formal power series in the class M|| and let
(MZ1 , . . . ,MZn) be the universal model associated with Bf . If pi : C
∗(MZ1 , . . . ,MZn) → B(K) is a
nondegenerate ∗-representation of C∗(MZ1 , . . . ,MZn) on a separable Hilbert space K, then pi decomposes
into a direct sum
pi = pi0 ⊕ pi1 on K = K0 ⊕K1,
where pi0, pi1 are disjoint representations of C
∗(MZ1 , . . . ,MZn) on the Hilbert spaces
K0 := span
{
pi(MZα)
(
I −
n∑
i=1
fi(pi(MZ1), . . . , pi(MZn))fi(pi(MZ1 ), . . . , pi(MZn))
∗
)
K : α ∈ F+n
}
and K1 := K⊥0 , respectively, such that, up to an isomorphism,
(3.2) K0 ≃ H
2(f)⊗ G, pi0(X) = X ⊗ IG , X ∈ C
∗(MZ1 , . . . ,MZn),
for some Hilbert space G with
dimG = dim
[
range
(
I −
n∑
i=1
fi(pi(MZ1), . . . , pi(MZn))fi(pi(MZ1), . . . , pi(MZn))
∗
)]
,
and pi1 is a ∗-representation which annihilates the compact operators and
n∑
i=1
fi(pi1(MZ1), . . . , pi1(MZn))fi(pi1(MZ1), . . . , pi1(MZn))
∗ = IK1 .
Moreover, if pi′ is another nondegenerate ∗-representation of C∗(MZ1 , . . . ,MZn) on a separable Hilbert
space K′, then pi is unitarily equivalent to pi′ if and only if dimG = dimG′ and pi1 is unitarily equivalent
to pi′1.
Proof. Since f = (f1, . . . , fn) is an n-tuple of formal power series in the classM||, Proposition 3.1 implies
that all the compact operators in B(H2(f)) are contained in C∗(MZ1 , . . . ,MZn). The standard theory of
representations of C∗-algebras shows that the representation pi decomposes into a direct sum pi = pi0⊕pi1
on K = K0 ⊕K1, where
K0 := span{pi(X)K : X is compact operator in B(H
2(f))} and K1 := K
⊥
0 ,
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and the the representations pij : C
∗(MZ1 , . . . ,MZn) → Kj are defined by pij(X) := pi(X)|Kj , j = 0, 1.
The disjoint representations pi0, pi1 are such that pi1 annihilates the compact operators in B(H
2(f)), and
pi0 is uniquely determined by the action of pi on the ideal of compact operators in B(H
2(f)). Taking into
account that every representation of the compact operators on H2(f) is equivalent to a multiple of the
identity representation, we deduce relation (3.2). Using the proof of Theorem 3.1, we deduce that
K0 := span{pi(X)K : X is compact operator in B(H
2(f))}
= span{pi(MZαPCM
∗
Zβ )K : α, β ∈ F
+
n }
= span
{
pi(MZα)
(
I −
n∑
i=1
fi(pi(MZ1), . . . , pi(MZn))fi(pi(MZ1 ), . . . , pi(MZn))
∗
)
K : α ∈ F+n
}
.
Now, since PC = I−
∑n
i=1 fi(MZ1 , . . . ,MZn)fi(MZ1 , . . . ,MZn)
∗ is a rank one projection in the C∗-algebra
C∗(MZ1 , . . . ,MZn) , we have
n∑
i=1
fi(pi1(MZ1), . . . , pi1(MZn))fi(pi1(MZ1), . . . , pi1(MZn))
∗ = IK1
and
dimG = dim [rangepi(PC)] = dim
[
range
(
I −
n∑
i=1
fi(pi(MZ1), . . . , pi(MZn))fi(pi(MZ1), . . . , pi(MZn))
∗
)]
.
To prove the last part of the theorem, we recall that, according to the standard theory of representations
of C∗-algebras, pi and pi′ are unitarily equivalent if and only if pi0 and pi
′
0 (resp. pi1 and pi
′
1) are unitarily
equivalent. On the other hand, we proved in [27] that the C∗-algebra C∗(MZ1 , . . . ,MZn) is irreducible
and, consequently, the n-tuples (MZ1⊗IK, . . . ,MZn⊗IK) is unitarily equivalent to (MZ1⊗IK′ , . . . ,MZn⊗
IK′) if and only if dimK = dimK′. Hence, we conclude that dimG = dimG′ and complete the proof. 
We introduce the class Mbrad of all formal power series f = (f1, . . . , fn) with the property that there
is δ ∈ (0, 1) such that rf ∈ Mb for any r ∈ (δ, 1]. We remark that in all the examples presented in [27],
the corresponding n-tuples f = (f1, . . . , fn) are in the class M
||
rad ⊂ M
b
rad. Moreover, the n-tuple of
polynomials with property (A) are also in the class Mbrad. The coisometric part of Bf (H) is defined as
the set
B
c
f (H) := {X = (X1, . . . , Xn) ∈ Bf (H) :
n∑
i=1
fi(X)fi(X)
∗ = I}.
Proposition 3.3. Let f = (f1, . . . , fn) be an n-tuple of formal power series with the model property and
let g = (g1, . . . , gn) be its inverse with respect to the composition. If f satisfies either one of the following
conditions:
(i) f ∈Mbrad;
(ii) f ∈Mrad ∩M||;
(iii) f ∈M|| and g ∈ An,
then Bf (H) = g
(
[B(H)n]−1
)
. Moreover, in this case, g : [B(H)n]−1 → Bf (H) is a bijection with inverse
f : Bf (H)→ [B(H)n]
−
1 . In particular, g([B(H)
n]c1) = B
c
f (H).
Proof. Assume that condition (i) holds. Since Bf (H) ⊆ g
(
[B(H)n]−1
)
, it remains to prove the reverse
inclusion. Let Y := g(X) with X = (X1, . . . , Xn) ∈ [B(H)n]
−
1 . Assume that fi :=
∑
α∈F+n
c
(i)
α Zα,
i = 1, . . . , n. Since f = (f1, . . . , fn) has the radial approximation property, gi :=
∑
α∈F+n
a
(i)
α Zα is a free
holomorphic function on [B(H)n]γ for some γ > 1. Moreover, there is δ ∈ (0, 1) with the property that
for any r ∈ (δ, 1], the series gi(
1
rS) :=
∑∞
k=0
∑
|α|=k
a(i)α
r|α|
Sα is convergent in the operator norm topology
and represents an element in the noncommutative disc algebra An, and
1
r
Sj = fj
(
g1
(
1
r
S
)
, . . . , gn
(
1
r
S
))
, j ∈ {1, . . . , n}, r ∈ (δ, 1],
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where g(1rS) is in the SOT-convergence (or radial SOT-convergence) of f and S = (S1, . . . , Sn) is the
n-tuple of left creation operators on the Fock space F 2(Hn). Since f ∈ Mbrad, we deduce that one of the
following conditions holds:
(a) 1rSi = SOT- limm→∞
∑
|α|≤m c
(i)
α gα
(
1
rS
)
and
sup
m∈N
∥∥∥∥∥∥
∑
|α|≤m
c(i)α gα
(
1
r
S
)∥∥∥∥∥∥ <∞, i = 1, . . . , n;
(b) 1rSi = SOT- limγ→1
∑∞
k=0
∑
|α|=k c
(i)
α γ|α|gα
(
1
rS
)
and
sup
γ∈[0,1)
∥∥∥∥∥∥
∞∑
k=0
∑
|α|=k
c(i)α γ
|α|gα
(
1
r
S
)∥∥∥∥∥∥ <∞, i = 1, . . . , n.
As in the proof of Proposition 2.2, using the fact that the noncommutative Poisson transform PrX ,
r ∈ (δ, 1), is SOT -continuous on bounded sets, we deduce that that Xj = fj(g(X)) for j = 1, . . . , n. This
also shows that g is one-to-one on [B(H)n]−1 . On the other hand, the relation above implies Y = g(X) =
g(f(g(X))) = g(f(Y )) and ‖f(Y )‖ ≤ 1, which shows that Y ∈ Bf (H). Therefore, Bf (H) = g
(
[B(H)n]−1
)
and f is one-to-one on Bf (H). Hence, we also deduce that g([B(H)n]c1) = B
c
f (H). Similarly, one can
prove this proposition when condition (ii) or (iii) holds. The proof is complete. 
Theorem 3.4. Let f = (f1, . . . , fn) be an n-tuple of formal power series with the model property and
let (MZ1 , . . . ,MZn) be the universal model associated with Bf . If f ∈ M
|| and pi is a ∗-representation of
C∗(MZ1 , . . . ,MZn), then
[f1(pi(MZ1), . . . , pi(MZn)), . . . , fn(pi(MZ1 ), . . . , pi(MZn))]
is a row isometry.
Conversely, if f ∈ Mbrad or f ∈ Mrad ∩M
||, and [W1, . . . ,Wn] ∈ B(K)n is a row isometry, then
there is a unique ∗-representation pi : C∗(MZ1 , . . . ,MZn) → B(K) such that pi(MZi) = gi(W1, . . . ,Wn),
i = 1, . . . , n, where g = (g1, . . . , gn) is the inverse of f with respect to the composition.
Proof. Let fi have the representation fi =
∑
α∈F+n
c
(i)
α Zα. Assuming that f ∈ M||, we deduce that
fi(MZ1 , . . . ,MZn) =
∑∞
k=o
∑
|α|=k c
(i)
α MZα or fi(MZ1 , . . . ,MZn) = limr→1
∑∞
k=0
∑
|α|=k r
|α|c
(i)
α MZα where
the convergence is in the operator norm topology. In either case, if pi : C∗(MZ1 , . . . ,MZn) → B(K) is a
∗-representation, we have
pi(fi(MZ1 , . . . ,MZn)) = fi(pi(MZ1), . . . , pi(MZn)), i = 1, . . . , n,
and, taking into account that fi(MZ1 , . . . ,MZn) =Mfi , we obtain
fi(pi(MZ1), . . . , pi(MZn))
∗fi(pi(MZ1), . . . , pi(MZn)) = pi(M
∗
fiMfi) = δijIK
for any i, j = 1, . . . , n. Therefore, [f1(pi(MZ1), . . . , pi(MZn)), . . . , fn(pi(MZ1), . . . , pi(MZn))] is a row isom-
etry.
Conversely, assume that f ∈ Mbrad or f ∈ Mrad ∩M
|| and [W1, . . . ,Wn] ∈ B(K)n is a row isometry.
Let g = (g1, . . . , gn) be the inverse of f with respect to the composition and let gi :=
∑
α∈F+n
a
(i)
α Zα. Since
f has the radial approximation property, we deduce that g is a free holomorphic function on [B(H)n]γ
for some γ > 1. Consequently, gi(W1, . . . ,Wn) =
∑∞
k=0
∑
|α|=k a
(i)
α Wα, where the convergence is in the
operator norm topology. Applying Proposition 3.3, we deduce that (g1(W ), . . . , gn(W )) ∈ Bf (K) and
fi(g1(W ), . . . , gn(W )) =Wi for i = 1, . . . , n.
According to [27], since f = (f1, . . . , fn) has the radial approximation property and (g1(W ), . . . , gn(W )) ∈
Bf (K), there is a unique unital completely contractive linear map
pi : C∗(MZ1 , . . . ,MZn)→ B(K)
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such that
(3.3) pi(MZαM
∗
Zβ
) = gα(W )gβ(W )
∗, α, β ∈ F+n .
On the other hand, since [W1, . . . ,Wn] ∈ B(K)n is a row isometry, we deduce that
〈gi(W )
∗gj(W )x, y〉 =
〈
∞∑
k=0
∑
|β|=k
a
(j)
β Wβx,
∞∑
k=0
∑
|α|=k
a(i)α Wαy
〉
= lim
m→∞
〈 ∑
|α|≤m
∞∑
k=0
∑
|β|=k
a
(i)
α a
(j)
β W
∗
αWβx, y
〉
= lim
m→∞
〈 ∑
|α|≤m
∞∑
k=0
∑
|β|=k
a
(i)
α a
(j)
β δαβx, y
〉
= lim
m→∞
∑
|α|≤m
a
(i)
α a
(j)
α 〈x, y〉
=
∞∑
k=0
∑
|α|=k
a
(i)
α a
(j)
α 〈x, y〉
= 〈Zj, Zi〉H2(f) 〈x, y〉
for any x, y ∈ K. Hence, and using the fact that
M∗ZiMZj = 〈Zj, Zi〉H2(f) IH2(f), i, j ∈ {1, . . . , n},
we deduce that pi(M∗ZiMZj ) = pi(MZi)
∗pi(MZj ). Therefore, taking into account relation (3.3) and the
fact that C∗(MZ1 , . . . ,MZn) coincides with span{MZαM
∗
Zβ
: α, β ∈ F+n }, we conclude that pi is a ∗-
representation of C∗(MZ1 , . . . ,MZn). The proof is complete. 
Corollary 3.5. Let f = (f1, . . . , fn) be an n-tuple of formal power series in the set Mrad ∩ M||.
Then any ∗-representation pi : C∗(MZ1 , . . . ,MZn)→ B(K) is generated by a row isometry [W1, . . . ,Wn],
Wi ∈ B(K), such that
pi(MZi) = gi(W1, . . . ,Wn), i = 1, . . . , n.
We remark that, in the particular case when f ∈Mrad∩M||, one can use Corollary 3.5 and the Wold
decomposition for isometries with orthogonal ranges [10], to provide another proof of Theorem 3.2.
Let T := (T1, . . . , Tn) ∈ Bf (H). We say that an n-tuple V := (V1, . . . , Vn) of operators on a Hilbert
space K ⊇ H is a minimal dilation of T if the following properties are satisfied:
(i) (V1, . . . , Vn) ∈ Bf (K);
(ii) there is a ∗-representation pi : C∗(MZ1 , . . . ,MZn)→ B(K) such that pi(MZi) = Vi, i = 1, . . . , n;
(iii) V ∗i |H = T
∗
i , i = 1, . . . , n;
(iv) K =
∨
α∈F+n
VαH.
Without the condition (iv), the n-tuple V is called dilation of T . We remark that if f ∈ Mrad ∩M||,
then the condition (i) is a consequence of (ii).
Theorem 3.6. Let f = (f1, . . . , fn) be an n-tuple of formal power series in the set Mbrad or Mrad∩M
||
and let g = (g1, . . . , gn) be its inverse with respect to the composition. If T = (T1, . . . , Tn) is in the
noncommutative domain Bf (H), then it has a minimal dilation which is unique up to an isomorphism.
Moreover, its minimal dilation coincides with (g1(W ), . . . , gn(W )), where W = (W1, . . . ,Wn) is the
minimal isometric dilation of the row contraction (f1(T ), . . . , fn(T )) on a Hilbert space K ⊇ H.
Proof. Since (f1(T ), . . . , fn(T )) is a row contraction, according to [10], there is a minimal isometric
dilation W = (W1, . . . ,Wn) ∈ B(K)n with K ⊇ H. Therefore, we have W ∗i Wj = δijIK, W
∗
i |H = fi(T )
∗
for i = 1, . . . , n, and K =
∨
α∈F+n
WαH. Applying Proposition 3.3, we deduce that (g1(W ), . . . , gn(W )) ∈
Bf (K) and fi(g1(W ), . . . , gn(W )) = Wi for i = 1, . . . , n. Since f ∈ Mrad, for each i = 1, . . . , n, we
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have that gi =
∑
α∈F+n
a
(i)
α Zα is a free holomorphic function on [B(H)
n]γ for some γ > 1. Consequently,
gi(W ) =
∑∞
k=0
∑
|α|=k a
(i)
α Wα and gi(f(T )) =
∑∞
k=0
∑
|α|=k a
(i)
α [f(T )]α where the convergence is in the
operator norm. Hence, and using the fact that W ∗i |H = fi(T )
∗, we obtain
gi(W )
∗|H = gi(f(T ))
∗|H, i = 1, . . . , n.
Now, using relation Ti = gi(f(T )), we deduce that gi(W )
∗|H = T
∗
i |H for i = 1, . . . , n. Note also
that
∨
α∈F+n
[g(W )]αH ⊆
∨
α∈F+n
WαH = K. To prove the reverse inclusion, one can use the relation
fi(g1(W ), . . . , gn(W )) = Wi for i = 1, . . . , n, and the fact that (g1(W ), . . . , gn(W )) is either in the
convergence set CSOTf (K) or C
rad
f (K). The fact that there is a ∗-representation pi : C
∗(MZ1 , . . . ,MZn)→
B(K) such that pi(MZi) = gi(W ) for any i = 1, . . . , n, follows from Theorem 3.4.
To prove the uniqueness, let V = (V1, . . . , Vn) and V
′ = (V ′1 , . . . , V
′
n) be two minimal dilations of
T = (T1, . . . , Tn) ∈ Bf (H) on the Hilbert space K ⊇ H and K′ ⊇ H, respectively. Let α := gi1 · · · gik ∈ F
+
n
and β := gj1 · · · gjp ∈ F
+
n . Note that V
∗
i Vj = pi(M
∗
Zi
)pi(MZj ) = 〈Zj , Zi〉H2(f) IK for i, j = 1, . . . , n.
Consequently, if k > p and h(β), k(α) ∈ H, then
〈
V ∗αVβh
(β), k(α)
〉
=
〈
〈Zj1 , Zi1〉 · · ·
〈
Zjp , Zip
〉
V ∗ik · · ·V
∗
ip+1h
(β), k(α)
〉
= 〈Zj1 , Zi1〉 · · ·
〈
Zjp , Zip
〉 〈
T ∗ik · · ·T
∗
ip+1h
(β), k(α)
〉
.
When p > k, we obtain〈
V ∗αVβh
(β), k(α)
〉
= 〈Zj1 , Zi1〉 · · · 〈Zjk , Zik〉
〈
h(β), Tik+1 · · ·Tipk
(α)
〉
,
and, if k = p, we have
〈
V ∗αVβh
(β), k(α)
〉
= 〈Zj1 , Zi1〉 · · · 〈Zjk , Zik〉
〈
h(β), k(α)
〉
. Similar relations hold for
the minimal dilation V ′ = (V ′1 , . . . , V
′
n). Hence, and taking into account that the dilations are minimal,
i.e., K =
∨
α∈F+n
VαH and K′ =
∨
α∈F+n
V ′αH, one can easily see that there is a unitary operator U : K → K
′
such that U
(∑
|α|≤m Vαh
(α)
)
=
∑
|α|≤m V
′
αh
(α) for any h(α) ∈ H, |α| ≤ m, and m ∈ N. Consequently,
we deduce that UVi = V
′
i U for any i = 1, . . . , n. The proof is complete. 
Using Theorem 3.6 and Theorem 3.4, we deduce the following result.
Corollary 3.7. Let f = (f1, . . . , fn) be an n-tuple of formal power series with the model property and
let T = (T1, . . . , Tn) ∈ Bf (H).
(i) If f ∈ Mbrad or f ∈ Mrad ∩ M
||, then (g1(W ), . . . , gn(W )) is a dilation of T = (T1, . . . , Tn),
where W = (W1, . . . ,Wn) is an isometric dilation of the row contraction (f1(T ), . . . , fn(T )).
(ii) If f ∈ M|| and V = (V1, . . . , Vn) ∈ Bf (K) is a dilation of T , then (f1(V ), . . . , fn(V )) is an
isometric dilation of (f1(T ), . . . , fn(T )).
We remark that under the conditions and notations of Theorem 2.5 (see also the proof), if f ∈Mbrad,
Θ is purely contractive, and
∆Θ(H2(f)⊗ E∗) = ∆Θ(∨ni=1Mfi(H
2(f)⊗ E∗)),
then, considering H as a subspace of
K := (H2(f)⊗ E)⊕∆Θ(H2(f)⊗ E∗)),
one can prove that the sequence of operators V := (V1, . . . ,Vn) defined on K by
Vi := (MZi ⊗ IE)⊕Di, i = 1, . . . , n,
is the minimal dilation of T := (T1, . . . ,Tn) ∈ B
cnc
f (H). Indeed, according to Theorem 4.1 from [11],
the multi-analytic operator Ψ coincides with the characteristic function ΘA of the row contraction A =
[A1, . . . ,An]. Moreover, the n-tuple W := [W1, . . . ,Wn] defined on K˜ is the minimal isometric dilation
of A. Consequently, W := [W1, . . . ,Wn] is a row isometry, W
∗
i |H˜ = A
∗
i for i = 1, . . . , n, and K˜ =∨
α∈F+n
WαH˜. On the other hand, since f = (f1, . . . , fn) has the radial approximation property, we have
gi(W1, . . . ,Wn) = gi(S1, . . . , Sn) ⊕ gi(C1, . . . , Cn), where the convergence defining these operators is in
FREE BIHOLOMORPHIC FUNCTIONS AND OPERATOR MODEL THEORY, II 21
the operator norm topology. Now, it easy to see that gi(W1, . . . ,Wn)
∗|H˜ = gi(A1, . . . ,An)
∗ = T∗i and
K˜ =
∨
α∈F+n
gα(W1, . . . ,Wn)H˜. Note also that Vi = Γ−1gi(W1, . . . ,Wn)Γ, i = 1, . . . , n. Taking into
account that Γ = (U ⊗E)⊕ (U ⊗ IE∗) is a unitary operator with the property that Γ(H) = H˜, we deduce
that Vi
∗|H = Ti, i = 1, . . . , n and K =
∨
α∈F+n
VαH. Using Theorem 3.6, we deduce that (V1, . . . ,Vn)
is the minimal dilation of (T1, . . . ,Tn), which proves our assertion.
In what follows, we provide a commutant lifting theorem for the noncommutative domains Bf .
Theorem 3.8. Let f = (f1, . . . , fn) be an n-tuple of formal power series in the set Mrad ∩M||. Let
T = (T1, . . . , Tn) ∈ Bf (H) and T ′ = (T ′1, . . . , T
′
n) ∈ Bf (H
′), and let V = (V1, . . . , Vn) ∈ Bf (K) and
V ′ = (V ′1 , . . . , V
′
n) ∈ Bf (K
′) be dilations of T and T ′, respectively. If X : H → H′ is bounded operator
satisfying the intertwining relations XTi = T
′
iX for any i = 1, . . . n, then there exists a bounded operator
Y : K → K′ with the following properties:
(i) Y Vi = V
′
i Y for any i = 1, . . . n;
(ii) Y ∗|H = X∗ and ‖X‖ = ‖Y ‖.
Proof. According to Corollary 3.7, since f ∈ Mrad∩M||, there are isometric dilations of any n-tuple T =
(T1, . . . , Tn) ∈ Bf (H). Let V = (V1, . . . , Vn) ∈ Bf (K) be a dilation of T . Then V ∗i |H = T
∗
i , i = 1, . . . , n,
and there is a ∗-representation pi : C∗(MZ1 , . . . ,MZn)→ B(K) such that pi(MZi) = Vi, i = 1, . . . , n. Let
fi have the representation fi =
∑
α∈F+n
c
(i)
α Zα. Taking into account that f ∈ M||, we deduce that
fi(MZ1 , . . . ,MZn) =
∑∞
k=o
∑
|α|=k c
(i)
α MZα or fi(MZ1 , . . . ,MZn) = limr→1
∑∞
k=0
∑
|α|=k r
|α|c
(i)
α MZα ,
where the convergence is in the operator norm topology. Consequently, we have
fi(V1, . . . , Vn) = fi(pi(MZ1), . . . , pi(MZn)) = pi(fi(MZ1 , . . . ,MZn), i = 1, . . . , n,
and
fi(V1, . . . , Vn)
∗fi(V1, . . . , Vn) = pi(fi(MZ1 , . . . ,M
∗
Znfi(MZ1 , . . . ,MZn))
= pi(M∗fiMfi) = δijIK
for any i, j = 1, . . . , n. Since V ∗i |H = T
∗
i , we also have fi(V1, . . . , Vn)
∗|H = fi(T1, . . . , Tn) for any
i = 1, . . . , n. This shows that (f1(V ), . . . , fn(V )) is an isometric dilation of (f1(T ), . . . , fn(T )). A similar
results holds if V ′ = (V ′1 , . . . , V
′
n) ∈ Bf (K
′) is a dilation of T ′ = (T ′i , . . . , T
′
n) ∈ Bf (H
′). Now, we assume
that X : H → H′ is a bounded operator such that XTi = T ′iX for i = 1, . . . , n. Hence, we deduce
that Xfi(T ) = fi(T
′)X , i = 1, . . . , n. Applying the noncommutative commutant lifting theorem for
row contractions [10], we find an operator Y : K → K′ such that Y fi(V ) = fi(V ′)Y for i = 1, . . . , n,
Y ∗|H′ = X∗, and ‖Y ‖ = ‖X‖. Consequently, we have Y gi(f(V )) = gi(f(V ′))Y , i = 1, . . . , n. Since
gi(f(V )) = Vi and gi(f(V
′)) = V ′, we conclude that Y Vi = V
′
i Y for any i = 1, . . . , n. The proof is
complete. 
4. Noncommutative varieties, constrained characteristic functions, and operator
models
We present operator models, in terms of constrained characteristic functions, for n-tuples of operators
in noncommutative varieties Vcncf,J (H) associated with WOT-closed two-sided ideals J of the Hardy algebra
H∞(Bf ). This is used to show that the constrained characteristic function Θf,T,J is a complete unitary
invariant for Vcncf,J (H).
Let f = (f1, . . . , fn) be an n-tuple of formal power series with the model property. The noncommu-
tative Hardy algebra H∞(Bf ) is the WOT-closure of all noncommutative polynomials in MZ1 , . . . ,MZn
and the identity. According to [27], J is a WOT-closed two-sided ideal of H∞(Bf ) if and only if there is
a WOT-closed two-sided ideal I of the noncommutative analytic Toeplitz algebra F∞n such that
J = {ϕ(f(MZ)) : ϕ ∈ I}.
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We mention that if ϕ(S1, . . . , Sn) ∈ F∞n has the Fourier representation ϕ(S1, . . . , Sn) =
∑
α∈F+n
cαSα,
then
ϕ(f(MZ)) := SOT- lim
r→1
∞∑
k=0
∑
|α|=k
cαr
|α|[f(MZ)]α
exists. Denote by H∞(Vf,J ) the WOT-closed algebra generated by the operators Bi := PNf,JMZi |Nf,J ,
for i = 1, . . . , n, and the identity, where
Nf,J := H
2(f)⊖Mf,J and Mf,J := JH2(f).
We recall that the map
Γ : H∞(Bf )/J → B(Nf,J ) defined by Γ(ϕ+ J) = PNf,Jϕ|Nf,J
is a completely isometric representation. Since the set of all polynomials in MZ1 , . . . ,MZn and the
identity is WOT-dense in H∞(Bf ), we can conclude that PNf,JH
∞(Bf )|Nf,J is a WOT-closed subalgebra
of B(Nf,J ) and, moreover, H∞(Vf,J) = PNf,JH
∞(Bf )|Nf,J .
Given an n-tuple T = (T1, . . . , Tn) ∈ Bf (H), we consider the defect operator
∆f,T :=
I − n∑
j=1
fj(T )fj(T )
∗
1/2
and the defect spaceDf,T := ∆f,TH. Define the noncommutative Poisson kernelKf,T : H → H2(f)⊗Df,T
by setting
(4.1) Kf,Th :=
∑
α∈F+n
fα ⊗∆f,T [f(T )]
∗
αh, h ∈ H.
Let J 6= H∞(Bf ) be a WOT-closed two-sided ideal ofH∞(Bf ). The constrained Poisson kernel associated
with f , T , and J is the operator Kf,T,J : H → Nf,J ⊗Df,T defined by
Kf,T,J := (PNf,J ⊗ IDf,T )Kf,T .
We remark that if ψ = ϕ(f(MZ)) for some ϕ(S1, . . . , Sn) =
∑
α∈F+n
cαSα in the noncommutative analytic
Toeplitz algebra F∞n , and T := (T1, . . . , Tn) is a c.n.c. n-tuple in Bf (H), then f(T ) = (f1(T ), . . . , fn(T ))
is a c.n.c. row contraction and, due to the F∞n -functional calculus [13], the limit
ψ(T1, . . . , Tn) := SOT- lim
r→1
∞∑
k=0
∑
|α|=k
cαr
|α|[f(T )]α
exists. Therefore, we can talk about an H∞(Bf )-functional calculus for the n-tuples of operators in
Bcncf (H). We introduce the noncommutative variety V
cnc
f,J (H) ⊂ Bf (H) defined by
Vcncf,J (H) :=
{
(T1, . . . , Tn) ∈ B
cnc
f (H) : ψ(T1, . . . , Tn) = 0 for any ψ ∈ J
}
.
Note that ψ(B1, . . . , Bn) = 0 for any ψ ∈ J . The n-tuple B = (B1, . . . , Bn) ∈ Vcncf,J (Nf,J ) will play the
role of universal model for the noncommutative variety Vcncf,J .
Proposition 4.1. Let f = (f1, . . . , fn) be an n-tuple of formal power series with the model property and
let J 6= H∞(Bf ) be a WOT-closed two-sided ideal of H∞(Bf ). If T := (T1, . . . , Tn) is an n-tuple in
Vcncf,J (H), then
Kf,T,JT
∗
i = (B
∗
i ⊗ IDf,T )Kf,T,J , i = 1, . . . , n,
and
K∗f,T,JKf,T,J = IH − SOT- lim
q→∞
∑
α∈Fn, |α|=q
[f(T )]α[f(T )]
∗
α,
where Kf,T,J is the constrained Poisson kernel associated with f , T , and J .
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Proof. The fact that
(4.2) Kf,TT
∗
i = (M
∗
Zi ⊗ IDf,T )Kf,T , i = 1, . . . , n,
was proved in Theorem 4.1 from [27]. Now, we show that
Kf,T,JT
∗
i = (B
∗
i ⊗ IDf,T )Kf,T,J , i = 1, . . . , n,
where Kf,T,J is the constrained Poisson kernel associated with f , T , and J . Note that, due to relation
(4.2), we have
(4.3) K∗f,T (p(MZ1 , . . . ,MZn)⊗ IDf,T ) = p(T1, . . . , Tn)K
∗
f,T
for any polynomial p in MZ1 , . . . ,MZn . If ϕ(S1, . . . , Sn) :=
∞∑
k=0
∑
|α|=k
aαSα is in F
∞
n , then, for any
0 < r < 1, ϕr(S1, . . . , Sn) :=
∞∑
k=0
∑
|α|=k
r|α|aαSα is in the noncommutative disc algebra An. Consequently,
lim
m→∞
m∑
k=0
∑
|α|=k
r|α|aα[f(MZ)]α = ϕr(f(MZ))
in the norm topology and, using relation (4.3) we obtain
K∗f,T [ϕr(f(MZ))⊗ IDf,T ] = ϕr(f(T ))K
∗
f,T
for any ϕ(S1, . . . , Sn) ∈ F∞n and 0 < r < 1. Since T ∈ B
cnc
f (H) and MZ := (MZ1 , . . . ,MZn) ∈
Bpure(H2(f)), we can use the F∞n -functional calculus for row contractions. We recall that the map
A 7→ A ⊗ I is SOT-continuous on bounded sets of B(F 2(Hn)) and, due to the noncommutative von
Neumann inequality [12], we have ‖ϕr(f(MZ))‖ ≤ ‖ϕ(S1, . . . , Sn)‖. Therefore, we can take r → 1 in the
equality above and obtain
K∗f,T (ϕ(f(MZ))⊗ IDf,T ) = ϕ(f(T ))K
∗
f,T
for any ϕ(S1, . . . , Sn) ∈ F∞n . Consequently, we have
(4.4) K∗f,T (ψ ⊗ IDf,T ) = ψ(T )K
∗
f,T , ψ ∈ H
∞(Bf ),
which implies 〈
(ψ∗ ⊗ IDf,T )Kf,Th, 1⊗ k
〉
= 〈Kf,Tψ(T )
∗h, 1⊗ k〉
for any ψ ∈ H∞(Bf ), h ∈ H, and k ∈ Df,T . Hence, and using the fact that ψ(T ) = 0 for ψ ∈ J , we
obtain 〈Kf,Th, ψ(1)⊗ k〉 = 0 for any h ∈ H and k ∈ Df,T . Taking into account the definition of Mf,J ,
we deduce that Kf,T (H) ⊆ Nf,J ⊗Df,T . This shows that the constrained Poisson kernel Kf,T,J satisfies
the relation
(4.5) Kf,T,Jh =
(
PNf,J ⊗ IDf,T
)
Kf,Th = Kf,Th, h ∈ H.
Since J is a left ideal of H∞(Bf ), Nf,J is an invariant subspace under each operator M∗Z1 , . . . ,M
∗
Zn
and therefore Bα = PNf,JMZα |Nf,J for α ∈ F
+
n . Since (B1, . . . , Bn) ∈ B
pure(Nf,J ), we can use the
H∞(Bf )-functional calculus to deduce that
(4.6) χ(B1, . . . , Bn) = PNf,Jχ(MZ1 , . . . ,MZn)|Nf,J
for any χ ∈ H∞(Bf ). Taking into account relations (4.4), (4.5), and (4.6), we obtain
Kf,T,Jχ(T1, . . . , Tn)
∗ =
(
PNf,J ⊗ IDf,T
)
[χ(MZ1 , . . . ,MZn)
∗ ⊗ IDf,T ]
(
PNf,J ⊗ IDf,T
)
Kf,T
=
[(
PNf,Jχ(MZ1 , . . . ,MZn)|Nf,J
)∗
⊗ IDf,T
]
Kf,T,J
=
[
χ(B1, . . . , Bn)
∗ ⊗ IDf,T
]
Kf,T,J .
Therefore, we have
Kf,T,Jχ(T1, . . . , Tn)
∗ =
[
χ(B1, . . . , Bn)
∗ ⊗ IDf,T
]
Kf,T
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for any χ(B1, . . . , Bn) ∈ H∞(Vf,J). In particular, we haveKf,T,JT ∗i = (B
∗
i ⊗IDf,T )Kf,T,J for i = 1, . . . , n,
which proves the first part of the proposition.
Due to relation (4.5) and the definition of the Poisson kernel, we have
〈
K∗f,T,JKf,T,Jh, h
〉
= ‖Kf,Th‖
2 = lim
q→∞
∥∥∥∥∥∥
∑
α∈F+n ,|α|≤q
fα ⊗∆f,T [f(T )]
∗
αh
∥∥∥∥∥∥
2
H2(f)⊗H
= lim
q→∞
∑
α∈F+n ,|α|≤q
〈
[f(T )]α∆
2
f,T [f(T )]
∗
αh, h
〉
= ‖h‖ − lim
q→∞
〈 ∑
α∈F+n ,|α|=q
[f(T )]α[f(T )]
∗
α
h, h〉
for any h ∈ H. Since [f1(T ), . . . , fn(T )] is a row contraction, the latter limit exists. The proof is
complete. 
Corollary 4.2. If T = (T1, . . . , Tn) is a pure n-tuple of operators in Vcncf,J (H), then
TαT
∗
β = K
∗
f,T,J [BαB
∗
β)⊗ I]Kf,T,J , α, β ∈ F
+
n ,
and ∥∥∥∥∥
m∑
i=1
qi(T1, . . . , Tn)qi(T1, . . . , Tn)
∗
∥∥∥∥∥ ≤
∥∥∥∥∥
m∑
i=1
qi(B1, . . . , Bn)qi(B1, . . . , Bn)
∥∥∥∥∥
for any qi ∈ C[Z1, . . . , Zn] and m ∈ N. Moreover,
‖χ(T1, . . . , Tn)‖ ≤ ‖χ(B1, . . . , Bn)‖
for any χ ∈ H∞(Bf ).
Let J be a WOT-closed two-sided ideal of the Hardy algebra H∞(Bf ). We define the constrained
characteristic function associated with an n-tuple T := (T1, . . . , Tn) ∈ Vcncf,J (H) to be the multi-analytic
operator with respect to B1, . . . , Bn,
Θf,T,J(W1, . . . ,Wn) : Nf,J ⊗Df,T∗ → Nf,J ⊗Df,T ,
defined by the formal Fourier representation
−INf,J⊗f(T )+
(
INf,J ⊗∆f,T
)(
INf,J⊗H −
n∑
i=1
Wi ⊗ fi(T )
∗
)−1
[W1 ⊗ IH, . . . ,Wn ⊗ IH]
(
INf,J ⊗∆f,T∗
)
,
where Wi := PNf,JΛi|Nf,J , i = 1, . . . , n, and Λ1, . . . ,Λn are the right multiplication operators by the
power series fi on the Hardy space H
2(f).
Theorem 4.3. Let f = (f1, . . . , fn) be an n-tuple of formal power series with the model property and let
J 6= H∞(Bf ) be a WOT-closed two-sided ideal of H∞(Bf ). If T := (T1, . . . , Tn) is an n-tuple of operators
in the noncommutative variety Vcncf,J (H), then T is unitarily equivalent to the n-tuple T := (T1, . . . ,Tn)
in Vcncf,J (H) where:
(i) the Hilbert space H is defined by
H :=
[
(Nf,J ⊗Df,T )⊕∆Θf,T,J (Nf,J ⊗Df,T∗)
]
⊖
{
Θf,T,Jf ⊕∆Θf,T,J f : f ∈ Nf,J ⊗Df,T∗
}
,
where ∆Θf,T,J :=
(
I −Θ∗f,T,JΘf,T,J
)1/2
;
(ii) each operator Ti, i = 1, . . . , n, is uniquely defined by the relation(
PNf,J⊗Df,T |H
)
T∗i x = (B
∗
i ⊗ IDf,T )
(
PNf,J⊗Df,T |H
)
x, x ∈ H,
where PNf,J⊗Df,T |H is a one-to-one operator, PNf,J⊗Df,T is the orthogonal projection of the
Hilbert space (Nf,J ⊗Df,T ) ⊕∆Θf,T,J (Nf,J ⊗Df,T∗) onto the subspace Nf,J ⊗ Df,T , and Bi :=
PNf,JMZi |Nf,J for any i = 1, . . . , n.
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Moreover, T is in Vpuref,J (H) if and only if the constrained characteristic function Θf,T,J is a partial
isometry. In this case, T is unitarly equivalent to the n-tuple(
PH(B1 ⊗ IDf,T )|H, . . . , PH(Bn ⊗ IDf,T )|H
)
,
where PH is the orthogonal projection of Nf,J ⊗Df,T onto the Hilbert space
H = (Nf,J ⊗Df,T )⊖Θf,T,J(Nf,J ⊗Df,T∗).
Proof. Taking into account that Nf,J is a co-invariant subspace under Λ1, . . . ,Λn, we can see that
ΘT (Λ1, . . . ,Λn)
∗(Nf,J ⊗Df,T ) ⊆ Nf,J ⊗Df,T∗ and
PNf,J⊗Df,TΘf,T (Λ1, . . . ,Λn)|Nf,J ⊗Df,T∗ = Θf,T,J (W1, . . . ,Wn).
Hence, using relation Kf,TK
∗
f,T + Θf,TΘ
∗
f,T = IH2(f)⊗Df,T (see [27]), the fact that rangeKf,T ⊆ Nf,J ⊗
Df,T and W ∗i = Λ
∗
i |Nf,J , i = 1, . . . , n, we deduce that
(4.7) INf,J⊗Df,T −Θf,T,JΘ
∗
f,T,J = Kf,T,JK
∗
f,T,J ,
where Θf,T,J is the constrained characteristic function of f , T and J , and Kf,T,J is the corresponding
constrained Poisson kernel.
Now, we introduce the Hilbert space
K := (Nf,J ⊗Df,T )⊕∆Θf,T,J (Nf,J ⊗Df,T∗)
and define the operator Φ : Nf,J ⊗Df,T∗ → K by setting
(4.8) Φx := Θf,T,Jx⊕∆Θf,T,Jx, x ∈ Nf,J ⊗Df,T∗ .
It is easy to see that Φ is an isometry and
(4.9) Φ∗(y ⊕ 0) = Θ∗f,T,Jy, y ∈ Nf,J ⊗Df,T .
Hence, letting PH be the orthogonal projection of K onto the subspace H, we have
‖y‖2 = ‖PH(y ⊕ 0)‖
2 + ‖ΦΦ∗(y ⊕ 0)‖ = ‖PH(y ⊕ 0)‖
2 + ‖Θ∗f,T,Jy‖
2
for any y ∈ Nf,J ⊗Df,T . Note also that relation (4.7) implies
‖K∗f,T,Jy‖
2 + ‖Θ∗f,T,Jy‖
2 = ‖y‖2, y ∈ Nf,J ⊗Df,T .
Consequently, we deduce that
(4.10) ‖Kf,T,Jy‖ = ‖PH(y ⊕ 0)‖, y ∈ Nf,J ⊗Df,T .
Now, we prove that Kf,T,J is a one-to-one operator. Indeed, due to Proposition 4.1, for any h ∈ H, we
have
‖Kf,T,Jh‖
2 = ‖h‖2 − lim
q→∞
∑
α∈Fn, |α|=q
‖[f(T )]∗αh‖
2.
Consequently, if Kf,T,Jh = 0, then ‖h‖2 = limq→∞
∑
α∈Fn, |α|=q
‖[f(T )]∗αh‖
2. Since [f1(T ), . . . , fn(T )]
is a row contraction, the latter relation implies ‖h‖2 =
∑
α∈Fn, |α|=q
‖[f(T )]∗αh‖
2 for any q ∈ N. Since
T ∈ Bcncf (H), we deduce that h = 0, which proves that Kf,T,J is a one-to-one operator and, therefore,
the range of K∗f,T,J is dense in H.
Next, we show that
(4.11) H = {PH(y ⊕ 0) : y ∈ Nf,J ⊗Df,T }
− .
Let x ∈ H and assume that x ⊥ PH(y ⊕ 0) for any y ∈ Nf,J ⊗ Df,T . Using the definition of H and
the fact that K is the closed span of all the vectors y ⊕ 0 for y ∈ Nf,J ⊗ DT and ΘJ,Tx ⊕∆Θf,T,Jx for
x ∈ Nf,J ⊗Df,T∗ , we deduce that x = 0. Therefore, relation (4.11) holds.
Note that, due to relation (4.10) and (4.11), there is a unique unitary operator Γ : H → H such that
(4.12) Γ(K∗f,T,Jy) = PH(y ⊕ 0), y ∈ Nf,J ⊗Df,T .
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Using relations (4.7) and (4.9), and the fact that Φ is an isometry defined by (4.8), we have
PNf,J⊗Df,TΓK
∗
f,T,Jy = PNf,J⊗Df,TPH(y ⊕ 0) = y − PNf,J⊗Df,TΦΦ
∗(y ⊕ 0)
= y −Θf,T,JΘ
∗
f,T,Jy = Kf,T,JK
∗
f,T,Jy
for any y ∈ Nf,J ⊗ Df,T . Hence, and using the fact that the range of K∗f,T,J is dense in H, we obtain
relation
(4.13) PNf,J⊗Df,T Γ = Kf,T,J .
Now, we define Ti : H → H be the transform of Ti under the unitary operator Γ : H → H defined
by (4.12). More precisely, we set Ti := ΓTiΓ
∗, i = 1, . . . , n. Since Kf,T,J is one-to-one, relation (4.13)
implies that
PNf,J⊗Df,T |H = Kf,T,JΓ
∗
is a one-to-one operator acting from H to Nf,J ⊗ Df,T . Due to relation (4.13) and Proposition 4.1, we
obtain (
PNf,J⊗Df,T |H
)
T∗iΓh =
(
PNf,J⊗Df,T |H
)
ΓT ∗i h = Kf,T,JT
∗
i h
=
(
B∗i ⊗ IDf,T
)
Kf,T,Jh =
(
B∗i ⊗ IDf,T
) (
PNf,J⊗Df,T |H
)
Γh
for any h ∈ H. Consequently,
(4.14)
(
PNf,J⊗Df,T |H
)
T∗i x = (B
∗
i ⊗ IDf,T )
(
PNf,J⊗Df,T |H
)
x, x ∈ H.
Due to the fact that the operator PNf,J⊗Df,T |H is one-to-one, the relation (4.14) uniquely determines the
operators T∗i for i = 1, . . . , n.
Now, we assume that T := (T1, . . . , Tn) ∈ V
pure
f,J (H). According to Proposition 4.1, the constrained
Poisson kernel Kf,T,J : H → Nf,J ⊗ Df,T is an isometry and, therefore, Kf,T,JK∗f,T,J is the orthogonal
projection of Nf,J ⊗Df,T onto Kf,T,JH. Relation (4.7) implies that Kf,T,JK∗f,T,J and Θf,T,JΘ
∗
f,T,J are
mutually orthogonal projections such that
Kf,T,JK
∗
f,T,J +Θf,T,JΘ
∗
f,T,J = INf,J⊗Df,T .
This shows that Θf,T,J is a partial isometry and Θ
∗
f,T,JΘf,T,J is a projection. Consequently, ∆Θf,T,J is
the projection on the orthogonal complement of the range of Θ∗f,T,J .
We remark that a vector u⊕∆Θf,T,Jv ∈ K is in H if and only if〈
u⊕∆Θf,T,J v,Θf,T,Jx⊕∆Θf,T,Jx
〉
= 0 for any x ∈ Nf,J ⊗Df,T∗ ,
which is equivalent to
(4.15) Θ∗f,T,Ju+∆
2
Θf,T,J
v = 0.
Since Θ∗f,T,Ju ⊥ ∆
2
Θf,T,J
v, relation (4.15) holds if and only if Θ∗f,T,Ju = 0 and ∆Θf,T,Jv = 0. Consequently,
we have
H = (Nf,J ⊗Df,T )⊖Θf,T,J(Nf,J ⊗Df,T∗).
Note that PNf,J⊗Df,T |H is the restriction operator and relation (4.14) implies Ti = PH(Bi⊗ IDf,T )|H for
i = 1, . . . , n.
Conversely, if Θf,T,J is is a partial isometry, relation (4.7) implies that Kf,T,J is a partial isometry.
On the other hand, since T is c.n.c., Proposition 4.1 implies
SOT- lim
k→∞
∑
|α|=k
[f(T )]α[f(T )]
∗
α = 0,
which proves that T ∈ Vpuref,J (H). This completes the proof. 
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We remark that, if T := (T1, . . . , Tn) ∈ Vcncf,J (H), then Θf,T,J has dense range if and only if there is no
element h ∈ H, h 6= 0, such that
lim
k→∞
∑
|α|=k
[f(T )]α[f(T )]
∗
αh = 0.
Indeed, due to Proposition 4.1, the condition above is equivalent to ker
(
I −K∗f,T,JKf,T,J
)
= {0}. Using
relation (4.7) , we deduce that the latter equality is equivalent to
kerΘf,T,JΘ
∗
f,T,J = ker
(
I −Kf,T,JK
∗
f,T,J
)
= {0},
which implies that Θf,T,J has dense range.
Proposition 4.4. Let f = (f1, . . . , fn) be an n-tuple of formal power series with the model property
and let J 6= H∞(Bf ) be a WOT-closed two-sided ideal of H∞(Bf ) such that 1 ∈ Nf,J . Then T :=
(T1, . . . , Tn) ∈ V
cnc
f,J (H) is unitarily equivalent to the universal n-tuple (B1 ⊗ IK, . . . , Bn ⊗ IK) for some
Hilbert space K if and only if Θf,T,J = 0.
Proof. First, we assume that T = (B1⊗ IK, . . . , Bn⊗ IK) and prove that Kf,T,JF = F for F ∈ Nf,J ⊗K.
Since 1 ∈ Nf,J , a straightforward calculation shows that ∆f,T = PK|Nf,J⊗K as an operator acting on
Nf,J ⊗ K. Indeed, note that
∆2f,T = INf,J⊗K −
n∑
i=1
fi(B)fi(B)
∗ ⊗ IK
= PNf,J⊗K
(
IH2(f)⊗K −
n∑
i=1
fi(MZ)fi(MZ)
∗ ⊗ IK
)
|Nf,J⊗K
= PNf,J⊗K
(
IH2(f)⊗K −
n∑
i=1
MfiM
∗
fi ⊗ IK
)
|Nf,J⊗K
= PK|Nf,J⊗K.
Here we used the natural identification of 1 ⊗ K with K. Since Df,T = K, using the definition of the
constrained Poisson kernel Kf,T,J , for any F =
∑
β∈F+n
fβ ⊗ kβ in Nf,J ⊗K ⊆ H
2(f)⊗K, we have
Kf,T,JF =
∑
α∈F+n
PNf,J fα ⊗ PK([f(B)]
∗
α ⊗ IK)F =
∑
α∈F+n
PNf,J fα ⊗ PK([f(MZ)]
∗
α ⊗ IK)F
=
∑
α∈F+n
PNf,J fα ⊗ PK(M
∗
fα ⊗ IK)F =
∑
α∈F+n
PNJ fα ⊗ kα
= PNf,J⊗KF = F.
Due to relation (4.7) we have Θf,T,J = 0. Conversely, if Θf,T,J = 0, then Theorem 4.3 shows that T is
unitarily equivalent to (B1 ⊗ IDf,T , . . . , Bn ⊗ IDf,T ). This completes the proof. 
Let Φ : Nf,J ⊗ K1 → Nf,J ⊗ K2 and Φ′ : Nf,J ⊗ K′1 → Nf,J ⊗ K
′
2 be two multi-analytic operators
with respect to B1, . . . , Bn, i.e., Φ(Bi ⊗ IK1) = (Bi ⊗ IK2)Φ and Φ
′(Bi ⊗ IK′1) = (Bi ⊗ IK′2)Φ
′ for any
i = 1, . . . , n. We say that Φ and Φ′ coincide if there are two unitary operators τj ∈ B(Kj ,K′j), j = 1, 2,
such that
Φ′(INf,J ⊗ τ1) = (INf,J ⊗ τ2)Φ.
The next result shows that the constrained characteristic function is a complete unitary invariant for
the n-tuples of operators in the noncommutative variety Vcncf,J (H).
Theorem 4.5. Let f = (f1, . . . , fn) be an n-tuple of formal power series with the model property and
let J 6= H∞(Bf ) be a WOT-closed two-sided ideal of H∞(Bf ). If T := (T1, . . . , Tn) ∈ Vcncf,J (H) and
T ′ := (T ′1, . . . , T
′
n) ∈ V
cnc
f,J (H
′), then T and T ′ are unitarily equivalent if and only if their constrained
characteristic functions Θf,T,J and Θf,T ′,J coincide.
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Proof. Let W : H → H′ be a unitary operator such that Ti = W ∗T ′iW for any i = 1, . . . , n. Since
T ∈ CSOTf (H) or T ∈ C
rad
f (H) and similar relations hold for T
′, it is easy to see that
W∆f,T = ∆f,T ′W and (⊕
n
i=1W )∆f,T∗ = ∆f,T ′∗(⊕
n
i=1W ).
We introduce the unitary operators τ and τ ′ by setting
τ :=W |Df,T : Df,T → Df,T ′ and τ
′ := (⊕ni=1W )|Df,T∗ : Df,T∗ → Df,T ′∗ .
It is easy to see that
(INf,J ⊗ τ)Θf,T,J = Θf,T ′,J(INf,J ⊗ τ
′).
Conversely, assume that the constrained characteristic functions of T and T ′ coincide, i.e., there exist
unitary operators τ : Df,T → Df,T ′ and τ∗ : Df,T∗ → Df,T ′∗ such that
(INf,J ⊗ τ)Θf,T,J = Θf,T ′,J(INf,J ⊗ τ∗).
As consequences, we obtain
∆ΘJ,T =
(
INf,J ⊗ τ∗
)∗
∆Θf,T ′,J
(
INf,J ⊗ τ∗
)
and (
INf,J ⊗ τ∗
)
∆ΘJ,T (Nf,J ⊗Df,T∗) = ∆ΘJ,T ′ (Nf,J ⊗Df,T ′∗).
Now, we define the unitary operator U : K→ K′ by setting
U := (INf,J ⊗ τ) ⊕ (INf,J ⊗ τ∗),
where the Hilbert spaces K and K′ were defined in Theorem 4.3. We remark that the operator Φ :
Nf,J ⊗ Df,T∗ → K, defined in the proof of the same theorem and the corresponding Φ′ satisfy the
relations
(4.16) UΦ
(
INf,J ⊗ τ∗
)∗
= Φ′ and
(
INf,J ⊗ τ
)
PKNf,J⊗Df,TU
∗ = PK
′
Nf,J⊗Df,T ′
,
where PKNf,J⊗Df,T is the orthogonal projection of K onto Nf,J ⊗Df,T . Note that relation (4.16) implies
UH = UK⊖ UΦ(Nf,J ⊗Df,T∗)
= K′ ⊖ Φ′(INf,J ⊗ τ∗)(Nf,J ⊗Df,T∗)
= K′ ⊖ Φ′(Nf,J ⊗Df,T ′∗) = H
′.
Consequently, the operator U |H : H→ H
′ is unitary. Note also that
(4.17) (B∗i ⊗ IDf,T ′ )(INf,J ⊗ τ) = (INf,J ⊗ τ)(B
∗
i ⊗ IDf,T ).
Let T := (T1, . . .Tn) and T
′ := (T′1, . . .T
′
n) be the models provided by Theorem 4.3 for the n-tuples T
and T ′, respectively. Using the relation (4.14) for T ′ and T , and relations (4.16), (4.17), we obtain
PK
′
Nf,J⊗Df,T ′
T′i
∗
Ux = (B∗i ⊗ IDT ′ )P
K
Nf,J⊗Df,TUx
= (B∗i ⊗ IDf,T ′ )(INf,J ⊗ τ)P
K
Nf,J⊗Df,T
x
= (INf,J ⊗ τ)(B
∗
i ⊗ IDf,T )P
K
Nf,J⊗Df,T x
= (INf,J ⊗ τ)P
K
Nf,J⊗Df,TT
∗
i x
= PK
′
Nf,J⊗Df,T ′
UT∗i x
for any x ∈ H and i = 1, . . . , n. Since PK
′
Nf,J⊗Df,T ′
is a one-to-one operator (see the proof of Theorem
4.3), we deduce that
(U |H)T
∗
i = T
′
i
∗
(U |H) , i = 1, . . . , n.
According to Theorem 4.3, the n-tuples T and T ′ are unitarily equivalent. The proof is complete. 
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5. Dilation theory on noncommutative varieties
In this section, we develop a dilation theory for n-tuples of operators in the noncommutative variety
{(T1, . . . , Tn) ∈ Bf (H) : (q ◦ f)(T1, . . . , Tn) = 0, q ∈ P},
where P is a set of homogeneous noncommutative polynomials.
Let f = (f1, . . . , fn) be an n-tuple of formal power series with the model property and let J be a
WOT-closed two-sided ideal of H∞(Bf ). We recall that the universal model B = (B1, . . . , Bn) for the
noncommutative variety Vcncf,J is defined by Bi := PNf,JMZi |Nf,J , for i = 1, . . . , n, where
Nf,J := H
2(f)⊖Mf,J and Mf,J := JH2(f).
Theorem 5.1. Let f = (f1, . . . , fn) be an n-tuple of formal power series with the model property and let
J be a WOT-closed two-sided ideal of H∞(Bf ) such that 1 ∈ Nf,J . Then the C∗-algebra C∗(B1, . . . , Bn)
is irreducible.
If f ∈M||, then all the compact operators in B(Nf,J ) are contained in the operator space
span{BαB
∗
β : α, β ∈ F
+
n }.
Proof. To prove the first part of the theorem, let M ⊆ Nf,J be a nonzero subspace which is jointly
reducing for B1, . . . , Bn, and let y =
∑
α∈F+n
aαfα be a nonzero power series in M. Then there is β ∈ F
+
n
such that aβ 6= 0. Since f = (f1, . . . , fn) is an n-tuple of formal power series with the model property,
we have Mfi = fi(MZ), where MZ := (MZ1 , . . . ,MZn) is either in the convergence set C
SOT
f (H
2(f)) or
Cradf (H
2(f)). Consequently, since 1 ∈ Nf,J , we obtain
aβ = P
Nf,J
C
[f(B)]∗βy =
(
INf,J −
n∑
i=1
fi(B)fi(B)
∗
)
[f(B)]∗βy,
where B = (B1, . . . , Bn). Taking into account that M is reducing for B1, . . . , Bn and aβ 6= 0, we deduce
that 1 ∈ M. Using again that M is invariant under B1, . . . , Bn, we obtain PNf,JC[Z1, . . . , Zn] ⊆ M.
Since C[Z1, . . . , Zn] is dense in H
2(f), we conclude that M = Nf,J , which shows that C∗(B1, . . . , Bn) is
irreducible.
Now, we prove the second part of the theorem. Since Nf,J is an invariant subspace under each operator
M∗Zi , i = 1, . . . , n, and (MZ1 , . . . ,MZn) is in the set of norm-convergence (or radial norm-convergence) for
the n-tuple f , the operator fi(B) is in span{BαB∗β : α, β ∈ F
+
n }. Taking into account that f = (f1, . . . , fn)
is an n-tuple of formal power series with the model property, we have Mfi = fi(MZ1 , . . . ,MZn). On the
other hand, since 1 ∈ Nf,J the orthogonal projection of Nf,J onto the constant power series satisfies the
equation
P
Nf,J
C
= INf,J −
n∑
i=1
fi(B)fi(B)
∗.
Therefore, P
Nf,J
C
is also in span{BαB∗β : α, β ∈ F
+
n }. Let q(B) :=
∑
|α|≤m aα[f(B)]α and let ξ :=∑
β∈F+n
bβfβ ∈ Nf,J . Note
P
Nf,J
C
q(B)∗ξ = PC
∑
|α|≤m
aαM
∗
fαξ =
∑
|α|≤m
aαbα
=
〈
ξ,
∑
|α|≤m
aαfα
〉
= 〈ξ, q(B)1〉 .
Consequently, if r(B) :=
∑
|γ|≤p cγ [f(B)]γ , then
(5.1) r(B)PCq(B)
∗ξ = 〈ξ, q(B)1〉 r(B)1,
which shows that r(B)P
Nf,J
C
q(B)∗ is a rank one operator acting on Nf,J . Since the set of all vectors of
the form
∑
|α|≤m aα[f(B)]α1, where m ∈ N, aα ∈ C, is dense in Nf,J , and using relation (5.1), we deduce
that all compact operators in B(Nf,J ) are in span{BαB∗β : α, β ∈ F
+
n }. This completes the proof. 
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Proposition 5.2. Under the hypotheses of Theorem 5.1, if H, K are Hilbert spaces, then the n-tuples
(B1⊗IH, . . . , Bn⊗IH) and (B1⊗IK, . . . , Bn⊗IK)are unitarily equivalent if and only if their multiplicities
are equal, i.e., dimH = dimK.
Proof. Let U : Nf,J ⊗ H → Nf,J ⊗ K be a unitary operator such that U(Bi ⊗ IH) = (Bi ⊗ IK)U for
i = 1, . . . , n. Since U is unitary , we deduce that U(B∗i ⊗IH) = (B
∗
i ⊗IK)U , i = 1, . . . , n. Since, according
to Theorem 3.1, the C∗-algebra C∗(B1, . . . , Bn) is irreducible, we infer that U = INf,J ⊗W for some
unitary operator W ∈ B(H,K). Therefore, dimH = dimK. The converse is clear. 
Theorem 5.3. Let f = (f1, . . . , fn) be an n-tuple of formal power series with the radial approximation
property, let P ⊂ C[Z1, . . . , Zn] be a set of homogeneous polynomials, and let B = (B1, . . . , Bn) be the
universal model associated with f and the WOT-closed two-sided ideal JP◦f generated by q(f(MZ)),
q ∈ P, in the Hardy algebra H∞(Bf ). If the n-tuple T = (T1, . . . , Tn) ∈ Bf (H) has the property that
(q ◦ f)(T ) = 0, q ∈ P ,
then the linear map Ψf,T,P : span{BαBβ : α, β ∈ F+n } → B(H) defined by
Ψf,T,P(BαBβ) := TαT
∗
β , α, β ∈ F
+
n ,
is completely contractive.
Proof. Let g = (g1, . . . , gn) be the inverse of f = (f1, . . . , fn) with respect to the composition, and
assume that gi :=
∑
α∈F+n
a
(i)
α Zα, i = 1, . . . , n. Since f has the model property, the left multiplication
MZi : H
2(f)→ H2(f) defined by
MZiψ := Ziψ, ψ ∈ H
2(f),
is a bounded left multiplier of H2(f) and MZi = U
−1ϕi(S1, . . . , Sn)U , where ϕi(S1, . . . , Sn) is in the
noncommutative Hardy algebra F∞n and has the Fourier representation
∑
α∈F+n
a
(i)
α Sα, and U : H
2(f)→
F 2(Hn) is the unitary operator defined by U(fα) := eα, α ∈ F+n .
Since f has the radial approximation property, there is δ ∈ (0, 1) such that rf := (rf1, . . . , rfn) has
the model property for any r ∈ (δ, 1]. We remark the the Hilbert space H2(rf) is in fact H2(f) with the
inner product defined by 〈fα, fβ〉H2(rf) :=
1
r|α|+|β|
δαβ, α, β ∈ F+n . Denote (gi)1/r :=
∑
α∈F+n
a
(i)
α
1
r|α|
Zα
and note that Zi = (gi)1/r ◦ (rf) for i = 1, . . . , n. Since rf has the model property for r ∈ (δ, 1], we
deduce that the multiplication M
(r)
Zi
: H2(rf)→ H2(rf) defined by
M
(r)
Zi
ψ := Ziψ, ψ ∈ H
2(rf),
is a bounded left multiplier of H2(rf) andM
(r)
Zi
= (U (r))−1ϕi(
1
rS1, . . . ,
1
rSn)U
(r), where ϕi(
1
rS1, . . . ,
1
rSn)
is in the noncommutative Hardy algebra F∞n and has the Fourier representation
∑
α∈F+n
1
r|α|
a
(i)
α Sα, and
U (r) : H2(rf)→ F 2(Hn) is the unitary operator defined by U
(r)(fα) :=
1
r|α|
eα, α ∈ F
+
n .
For each r ∈ (δ, 1], let JP◦rf be the WOT-closed two-sided ideal ofH∞(Brf ) generated by the operators
q(rf(M
(r)
Z )), q ∈ P . We introduce the subspace Nrf,JP◦rf := H
2(rf) ⊖Mrf,JP◦rf , where Mrf,JP◦rf =
JP◦rfH2(rf), and the operators B
(r)
i := PNrf,JP◦rfM
(r)
Zi
|Nrf,JP◦rf , i = 1, . . . , n. We denote by JP the
WOT-closed two-sided ideal of F∞n generated by the operators q(S1, . . . , Sn), q ∈ P . We also introduce
the subspace NJP = F
2(Hn)⊖MJP , where MJP := JF
2(Hn).
Our next step is to show that ψ =
∑
α∈F+n
cαeα is in NJP if and only (U
(r))−1ψ =
∑
α∈F+n
cαr
|α|fα is
in Nrf,JP◦rf . First, note that
JP◦rf = JP ◦ rf := {χ(rf(MZ)) : χ ∈ JP}.
Due to the definition of NP , one can see that ϕ ∈ NP if and only if 〈ψ, χ(S1, . . . , Sn)1〉F 2(Hn) = 0 for any
χ(S1, . . . , Sn) =
∑
α∈F+n
aαSα ∈ JP , which is equivalent to
∑
α∈F+n
cαa¯α = 0. On the other hand, note
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that
∑
α∈F+n
cαr
|α|fα is in Nrf,JP◦rf if and only if〈∑
α∈F+n
cαr
|α|fα, χ(rf(MZ))1
〉
H2(rf)
= 0, χ ∈ JP .
Since f has the model property, Mfi = fi(MZ) and, consequently, the relation above is equivalent to∑
α∈F+n
cαa¯α = 0 for any
∑
α∈F+n
aαSα ∈ JP , which proves our assertion. Now, it is easy to see that
U (r)(Mrf,JP◦rf ) =MJP and U
(r)(Nrf,JP◦rf ) = NJP .
Since M
(r)
Zi
= (U (r))−1ϕi(
1
rS1, . . . ,
1
rSn)U
(r), i = 1, . . . , n, we deduce that
B
(r)
i := PNrf,JP◦rfM
(r)
Zi
|Nrf,JP◦rf
= PNrf,JP◦rf (U
(r))−1
(
PN⊥
JP
+ PNJP
)
ϕi
(
1
r
S1, . . . ,
1
r
Sn
)
|NJP
(
U (r)|Nrf,JP◦rf
)
= (U (r))−1PNJP ϕi
(
1
r
S1, . . . ,
1
r
Sn
)
|NJP
(
U (r)|Nrf,JP◦rf
)
=
(
U (r)|Nrf,JP◦rf
)−1
PNJP ϕi
(
1
r
S1, . . . ,
1
r
Sn
)
|NJP
(
U (r)|Nrf,JP◦rf
)
,
where U (r)|Nrf,JP◦rf : Nrf,JP◦rf → NJP is a unitary operator for each r ∈ (δ, 1].
Now, we assume that T = (T1, . . . , Tn) ∈ Bf (H) has the property that (qj ◦ f)(T ) = 0 for j = 1, . . . , d,
and 0 < r < 1. Since the H∞(Bf ) functional calculus for the n-tuples of operators in B
cnc
f (H) is a
homomorphism and q ∈ P is a homogenous polynomials, we have
(5.2) (ϕq(S1, . . . , Sn))(rf1(T ), . . . , rfn(T )) = r
deg (q)ϕ(rf1(T ), . . . , rfn(T ))q(f1(T ), . . . , fn(T )) = 0
for any ϕ ∈ F∞n and q ∈ P , where deg (q) denotes the degree of the polynomial q. On the other
hand, JP◦rf is the WOT-closed two-sided ideal of H
∞(Brf ) generated by the operators q(rf(MZ)),
q ∈ P , for each r ∈ (δ, 1]. Since the H∞(Brf )-functional calculus for pure n-tuples in Brf (H) is WOT-
continuous, and (T1, . . . , Tn) ∈ B
pure
rf (H), relation (5.2) implies ψ(T1, . . . , Tn) = 0 for any ψ ∈ JP◦rf
and r ∈ (δ, 1). Therefore, (T1, . . . , Tn) is in the noncommutative variety V
pure
rf,JP◦rf
(H). Applying
Corollary 4.2 to the n-tuple (T1, . . . , Tn), we deduce that there is completely contractive linear map
Φ : span
{
B
(r)
α B
(r)
β
∗
: α, β ∈ F+n
}
→ B(H) uniquely defined by Φ
(
B
(r)
α B
(r)
β
∗)
:= TαT
∗
β for all α, β ∈ F
+
n .
Hence, and using the fact that the n-tuple (B
(r)
1 , . . . , B
(r)
n ) is unitarily equivalent to(
PNJP ϕ1
(
1
r
S1, . . . ,
1
r
Sn
)
|NJP , . . . , PNJP ϕn
(
1
r
S1, . . . ,
1
r
Sn
)
|NJP
)
,
and NJP is invariant under S
∗
1 , . . . , S
∗
n, we obtain
∥∥∥∥∥∥
 ∑
|α|,|β|≤m
a
(ij)
αβ TαT
∗
β

k×k
∥∥∥∥∥∥ ≤
∥∥∥∥∥∥
 ∑
|α|,|β|≤m
a
(ij)
αβ B
(r)
α B
(r)
β
∗

k×k
∥∥∥∥∥∥
≤
∥∥∥∥∥∥
 ∑
|α|,|β|≤m
a
(ij)
αβ PNJP ϕα
(
1
r
S1, . . . ,
1
r
Sn
)
ϕβ
(
1
r
S1, . . . ,
1
r
Sn
)∗
|NJP

k×k
∥∥∥∥∥∥
for any m, k ∈ N, a
(ij)
αβ ∈ C, and i, j ∈ {1, . . . , k}. Since f = (f1, . . . , fn) has the radial property,
ϕ1, . . . , ϕn are free holomorphic functions on a ball [B(H)n]γ with γ > 1. Consequently, the map
(δ, 1] ∋ r 7→ ϕi
(
1
rS1, . . . ,
1
rSn
)
∈ B(F 2(Hn)) is continuous in the operator norm topology. Passing to the
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limit as r → 1 in the inequality above, we obtain
(5.3)
∥∥∥∥∥∥
 ∑
|α|,|β|≤m
a
(ij)
αβ TαT
∗
β

k×k
∥∥∥∥∥∥ ≤
∥∥∥∥∥∥
 ∑
|α|,|β|≤m
a
(ij)
αβ PNJP ϕα (S1, . . . , Sn)ϕβ (S1, . . . , Sn)
∗ |NJP

k×k
∥∥∥∥∥∥ .
Hence, using the fact (proved above) that
Bi := PNf,JP◦fMZi |Nf,JP◦f =
(
U (1)|Nf,JP◦f
)−1
PNJP ϕi (S1, . . . , Sn) |NJP
(
U (1)|Nf,JP◦f
)
for each i = 1, . . . , n, we obtain∥∥∥∥∥∥
 ∑
|α|,|β|≤m
a
(ij)
αβ TαT
∗
β

k×k
∥∥∥∥∥∥ ≤
∥∥∥∥∥∥
 ∑
|α|,|β|≤m
a
(ij)
αβ BαBβ
∗

k×k
∥∥∥∥∥∥ ,
which completes the proof. 
Let C∗(Y) be the C∗-algebra generated by a set of operators Y ⊂ B(K) and the identity. A subspace
H ⊆ K is called ∗-cyclic for Y if
K = span {Xh : X ∈ C∗(S), h ∈ H} .
Theorem 5.4. Let f = (f1, . . . , fn) be an n-tuple of power series in the set Mrad ∩ M||, let P ⊂
C[Z1, . . . , Zn] be a set of homogeneous polynomials, and let B = (B1, . . . , Bn) be the universal model
associated with f and the WOT-closed two-sided ideal JP◦f in H
∞(Bf ). If H is a separable Hilbert space
and T = (T1, . . . , Tn) ∈ Bf (H) has the property that
(q ◦ f)(T ) = 0, q ∈ P ,
then there exists a separable Hilbert space Kpi and a ∗-representation pi : C∗(B1, . . . , Bn)→ B(Kpi) which
annihilates the compact operators and
n∑
i=1
fi(pi(B1), . . . , pi(Bn))fi(pi(B1), . . . , pi(Bn))
∗ = IKpi ,
such that
(i) H can be identified with a ∗-cyclic co-invariant subspace of K˜ := (Nf,JP◦f ⊗∆f,TH)⊕Kpi under
the operators
Vi :=
[
Bi ⊗ I∆f,TH 0
0 pi(Bi)
]
, i = 1, . . . , n;
(ii) T ∗i = V
∗
i |H, i = 1, . . . , n.
(iii) V := (V1, . . . , Vn) ∈ Bf (K˜) and
(q ◦ f)(V ) = 0, q ∈ P .
Proof. Applying Arveson extension theorem to the map Ψf,T,P of Theorem 5.3, we obtain a unital
completely positive linear map Γf,T,P : C
∗(B1, . . . , Bn) → B(H) such that Γf,T,P (BαBβ) := TαT ∗β for
α, β ∈ F+n . Consider p˜i : C
∗(B1, . . . , Bn)→ B(K˜) to be a minimal Stinespring dilation of Γf,T,P , i.e.,
Γf,T,P (X) = PHp˜i(X)|H, X ∈ C
∗(B1, . . . , Bn),
and K˜ = span{p˜i(X)h : X ∈ C∗(B1, . . . , Bn), h ∈ H}. It is easy to see that, for each i = 1, . . . , n,
Γf,T,P(BiB
∗
i ) = PHp˜i(Bi)p˜i(B
∗
i )|H
= PHp˜i(Bi)(PH + PH⊥)p˜i(B
∗
i )|H
= Γf,T,P (BiB
∗
i ) + (PHp˜i(Bi)|H⊥)(PH⊥ p˜i(B
∗
i )|H).
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Consequently, we have PHp˜i(Bi)|H⊥ = 0 and
Γf,T,P(BαX) = PH(p˜i(Bα)p˜i(X))|H
= (PHp˜i(Bα)|H)(PHp˜i(X)|H)
= Γf,T,P(Bα)Γf,T,P(X)
(5.4)
for any X ∈ C∗(B1, . . . , Bn) and α ∈ F+n . Note that the Hilbert space K˜ is separable, since H has the
same property. Relation PHp˜i(Bi)|H⊥ = 0 shows that H is an invariant subspace under each p˜i(Bi)
∗,
i = 1, . . . , n. Therefore,
(5.5) p˜i(Bi)
∗|H = Γf,T,P(B
∗
i ) = T
∗
i , i = 1, . . . , n.
Taking into account that the subspace Nf,JP◦f contains the constants, we use Theorem 5.1 to conclude
that all the compact operators in B(Nf,JP◦f ) are contained in C
∗(B1, . . . , Bn). We remark that one can
obtain a version of Theorem 3.2 in our new setting, in a similar manner. Consequently, the representation
p˜i decomposes into a direct sum p˜i = pi0 ⊕ pi on K˜ = K0 ⊕Kpi, where pi0, pi are disjoint representations of
C∗(B1, . . . , Bn) on the Hilbert spaces K0 and Kpi, respectively, such that
(5.6) K0 ≃ Nf,JP◦f ⊗ G, pi0(X) = X ⊗ IG , X ∈ C
∗(B1, . . . , Bn),
for some Hilbert space G, and pi is a representation which annihilates the compact operators. Since
P
Nf,JP◦f
C
= INf,JP −
n∑
i=1
fi(B)fi(B)
∗ is a rank one projection in the C∗-algebra C∗(B1, . . . , Bn), we have
n∑
i=1
fi(pi(B1), . . . , pi(Bn))fi(pi(B1), . . . , pi(Bn))
∗ = IKpi and dimG = dim(range p˜i(P
Nf,JP◦f
C
)). Using the
minimality of the Stinespring representation p˜i, the proof of Theorem 5.1, and the fact that P
Nf,JP◦f
C
Bα =
0 if |α| ≥ 1, we deduce that
range p˜i(P
Nf,JP◦f
C
) = span{p˜i(P
Nf,JP◦f
C
)p˜i(X)h : X ∈ C∗(B1, . . . , Bn), h ∈ H}
= span{p˜i(P
Nf,JP◦f
C
)p˜i(Y )h : Y is compact in B(Nf,JP◦f ), h ∈ H}
= span{p˜i(P
Nf,JP◦f
C
)p˜i(BαP
Nf,JP◦f
C
B∗β)h : α, β ∈ F
+
n , h ∈ H}
= span{p˜i(P
Nf,JP◦f
C
)p˜i(B∗β)h : β ∈ F
+
n , h ∈ H}.
Now, due to relation (5.4), we have〈
p˜i(P
Nf,JP◦f
C
)p˜i(B∗α)h, p˜i(P
Nf,JP◦f
C
)p˜i(B∗β)k
〉
=
〈
h, pi(Bα)pi(P
Nf,JP◦f
C
)pi(B∗β)h
〉
=
〈
h, Tα
(
IH −
n∑
i=1
fi(T )fi(T )
∗
)
T ∗βh
〉
=
〈
∆f,TT
∗
αh,∆f,TT
∗
βk
〉
for any h, k ∈ H and α, β ∈ F+n . Consequently, the map Λ : range p˜i(P
Nf,JP◦f
C
)→ ∆f,TH defined by
Λ(p˜i(P
Nf,JP◦f
C
)p˜i(B∗α)h) := ∆f,TT
∗
α, h ∈ H,
can be extended by linearity and continuity to a unitary operator. Hence,
dim[rangepi(P
Nf,JP◦f
C
)] = dim∆f,TH = dimG.
Under the appropriate identification of G with ∆f,TH and using relations (5.5) and (5.6), we obtain the
required dilation.
To prove item (iii), note that sinceBi := PNf,JP◦fMZi |Nf,JP◦f , i = 1, . . . , n, we have (q◦f)(B1, . . . , Bn) =
0, q ∈ P . Taking into account that q ∈ P is a polynomial and f ∈ M||, the latter equality implies
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(q ◦ f)(pi(B1), . . . , pi(Bn)) = 0. Therefore, (q ◦ f)(V1, . . . , Vn) = 0 for q ∈ P . On the other hand, since∑n
i=1 fi(B1, . . . , Bn)fi(B1, . . . , Bn)
∗ ≤ I and f ∈M||, we also have
n∑
i=1
fi(pi(B1), . . . , pi(Bn))fi(pi(B1), . . . , pi(Bn))
∗ ≤ I,
which proves that (pi(B1), . . . , pi(Bn)) ∈ Bf (Kpi). Consequently, (V1, . . . , Vn) ∈ Bf (K˜). This completes
the proof. 
We remark that if, in addition to the hypotheses of Theorem 5.4,
span {BαB
∗
β : α, β ∈ F
+
n } = C
∗(B1, . . . , Bn),
then the map Γf,T,P is unique and the dilation is minimal, i.e., K˜ =
∨
α∈F+n
VαH. In this case, the minimal
dilation of Theorem 5.4 is unique, due to the uniqueness of the minimal Stinespring representation.
Corollary 5.5. Let V := (V1, . . . , Vn) be the dilation of Theorem 5.4. Then,
(i) V is a pure n-tuple if and only if T is pure;
(ii) f1(V )f1(V )
∗ + · · ·+ fn(V )fn(V )∗ = I if and only if
f1(T )f1(T )
∗ + · · ·+ fn(T )fn(T )
∗ = I
Proof. Note that
∑
|α|=k
[f(T )]α[f(T )]
∗
α = PH
[ ∑
|α|=k
[f(B)]α[f(B)]
∗
α ⊗ I∆f,TH 0
0 IKpi
]
|H
and, consequently,
SOT- lim
k→∞
∑
|α|=k
[f(T )]α[f(T )]
∗
α = PH
[
0 0
0 IKpi
]
|H.
Hence, we deduce that T is a pure n-tuple if and only if H ⊥ (0 ⊕ Kpi), i.e., H ⊆ Nf,JP◦f ⊗ ∆f,TH.
Taking into account that Nf,JP◦f ⊗ ∆f,TH is reducing for each operator Vi, i = 1, . . . , n, and K˜ is
the smallest reducing subspace for the same operators, which contains H, we draw the conclusion that
K˜ = Nf,JP◦f ⊗∆TH. To prove item (ii), assume that
n∑
i=1
fi(V )fi(V )
∗ = IK˜. Since
∑
|α|=k
[f(V )]α[f(V )]
∗
α =
[ ∑
|α|=k
[f(B)]α[f(B)]
∗
α ⊗ I∆f,TH 0
0 IKpi
]
,
we must have
∑
|α|=k
[f(B)]α[f(B)]
∗
α ⊗ I∆f,TH = IK0 for any k = 1, 2, . . .. Since
SOT- lim
k→∞
∑
|α|=k
[f(B)]α[f(B)]
∗
α = 0,
we deduce that K0 = {0}. Now, using the proof of Theorem 5.4, we concluded that G = {0} and,
therefore, ∆f,T = 0. The converse is straightforward. The proof is complete. 
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6. Beurling type theorem and commutant lifting in noncommutative varieties
In this section, we provide a Beurling type theorem characterizing the invariant subspaces under the
universal n-tuple associated with a noncommutative variety Vpuref,J (H), and a commutant lifting theorem
for n-tuples of operators in Vpuref,J (H).
Theorem 6.1. Let f = (f1, . . . , fn) be an n-tuple of power series with the model property. Let J 6=
H∞(Bf ) be a WOT-closed two-sided ideal of the Hardy algebra H
∞(Bf ) and let (B1, . . . , Bn) ∈ V
cnc
f,J (Nf,J )
be the corresponding universal model. A subspace M ⊆ Nf,J ⊗ K is invariant under each operator
B1⊗IK, . . . , Bn⊗IK if and only if there exists a Hilbert space G and an operator Θ : Nf,J⊗G → Nf,J⊗K
with the following properties:
(i) Θ is a partial isometry and
Θ(Bi ⊗ IG) = (Bi ⊗ IK)Θ, i = 1, . . . , n.
(ii) M = Θ(Nf,J ⊗ G).
Proof. First, note that the subspace Nf,J ⊗K is invariant under each operator M∗Zi ⊗ IK, i = 1, . . . , n,
and
(M∗Zi ⊗ IK)|Nf,J⊗K = B
∗
i ⊗ IK, i = 1, . . . , n.
Since the subspace [Nf,J ⊗ K] ⊖M is invariant under B∗i ⊗ IK, i = 1, . . . , n, it is also invariant under
each operator M∗Zi ⊗ IK. Consequently, the subspace
(6.1) E := [H2(f)⊗K]⊖ {[Nf,J ⊗K]⊖M} = [Mf,J ⊗K]⊕M
is invariant under MZi ⊗ IK, i = 1, . . . , n, where Mf,J := H
2(f) ⊖ Nf,J . Using the Beurling type
characterization of the invariant subspaces under MZ1 , . . . ,MZn (see Theorem 5.2 from [27]), we find a
Hilbert space G and an isometric operator Ψ : H2(f)⊗G → H2(f)⊗K such that Ψ(MZi⊗IG) = (MZi⊗IK)
for i = 1, . . . , n and
E = Ψ[H2(f)⊗ G].
Since Ψ is an isometry, we have PE = ΨΨ
∗, where PE is the orthogonal projection of H
2(f)⊗K onto E .
Note that the subspace Nf,J ⊗K is invariant under Ψ∗. Setting Θ := PNf,J⊗KΨ|Nf,J⊗G , we have
PNf,J⊗KPE |Nf,J⊗K = ΘΘ
∗.
Hence, and using relation (6.1), we deduce that PM = ΘΘ
∗, where PM is the orthogonal projection of
Nf,J ⊗K onto M. Therefore Θ is a partial isometry and M = Θ [Nf,J ⊗ G]. The proof is complete. 
We recall that, due to Theorem 4.3, any n-tuple (T1, . . . , Tn) in the noncommutative variety V
pure
f,J (H)
is unitarily equivalent to the compression of [B1 ⊗ IK, . . . , Bn ⊗ IK] to a co-invariant subspace E under
each operator Bi ⊗ IK, i = 1, . . . , n. Therefore, we have
Ti = PE(Bi ⊗ IK)|E , i = 1, . . . , n.
The following result is a commutant lifting theorem for n-tuples of operators in the noncommutative
variety Vpuref,J (H).
Theorem 6.2. Let f = (f1, . . . , fn) be an n-tuple of power series with the model property. Let J 6=
H∞(Bf ) be a WOT-closed two-sided ideal of the Hardy algebra H
∞(Bf ) and let (B1, . . . , Bn) and be
the corresponding universal model acting on Nf,J . For each j = 1, 2, let Kj be a Hilbert space and
Ej ⊆ Nf,J ⊗ Kj be a co-invariant subspace under each operator B1 ⊗ IK, . . . , Bn ⊗ IK. If X : E1 → E2 is
a bounded operator such that
X [PE1(Bi ⊗ IK1)|E1 ] = [PE2(Bi ⊗ IK2)]|E2X, i = 1, . . . , n,
then there exists an operator G : Nf,J ⊗K1 → Nf,J ⊗K2 with the following properties:
(i) G(Bi ⊗ IK1) = (Bi ⊗ IK2)G for i = 1, . . . , n;
(ii) G∗E2 ⊆ E1, G∗|E2 = X∗, and ‖G‖ = ‖X‖.
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Proof. Note that the subspace Nf,J ⊗Kj is invariant under each operator M∗Zi ⊗ IKj , i = 1, . . . , n, and
(M∗Zi ⊗ IKj )|Nf,J⊗Kj = B
∗
i ⊗ IKj , i = 1, . . . , n.
Since Ej ⊆ Nf,J ⊗Kj is invariant under B∗i ⊗ IKj it is also invariant under M
∗
Zi
⊗ IKj and
(M∗Zi ⊗ IKj )|Ej = (B
∗
i ⊗ IKj )|Ej , i = 1, . . . , n.
Consequently, the intertwining relation in the hypothesis implies
XPE1(MZi ⊗ IK1)|E1 = PE2(MZi ⊗ IK2)|E2X, i = 1, . . . , n.
We remark that, for each j = 1, 2, the n-tuple (MZ1 ⊗ IKj , . . . ,MZn ⊗ IKj ) is a dilation of the n-tuple
[PEj (MZ1 ⊗ IKj )|Ej , . . . , PEj (MZn ⊗ IKj )|Ej ].
Applying Theorem 9.1 from [27], we find an operator Φ : H2(f) ⊗ K1 → H2(f) ⊗ K2 with the following
properties:
(i) Φ(MZi ⊗ IK1) = (MZi ⊗ IK2)Φ for i = 1, . . . , n;
(ii) Φ∗E2 ⊆ E1, Φ∗|E2 = X∗, and ‖Φ‖ = ‖X‖.
Set G := PNf,J⊗K2Φ|NJ⊗K1 . Since Φ
∗(Nf,J⊗K2) ⊆ Nf,J ⊗K1, the subspace Nf,J ⊗Kj is invariant under
each operator M∗Z1 ⊗ IKj , . . . ,M
∗
Zn
⊗ IKj , and Ej ⊆ Nf,J ⊗Kj , the relations above imply G(Bi ⊗ IK1) =
(Bi ⊗ IK2)G for i = 1, . . . , n, G
∗E2 ⊆ E1, and G∗|E2 = X
∗. Hence, we deduce that ‖X‖ ≤ ‖G‖ ≤ ‖Φ‖ =
‖X‖. Therefore, ‖G‖ = ‖X‖. The proof is complete. 
The commutative case. Let f = (f1, . . . , fn) be an n-tuple of power series with the model property.
Let Jc be the WOT -closed two-sided ideal of the Hardy algebra H
∞(Bf ) generated by the commutators
MZiMZj −MZjMZi , i, j = 1, . . . , n.
According to [27], the subspace Nf,Jc coincides with the symmetric Hardy space associated with Bf ,
H
2
s(f), which can be identified with the Hilbert space H
2(B<f (C)) of holomorphic functions on B
<
f (C),
namely, the reproducing kernel Hilbert space with reproducing kernel Kf : B
<
f (C)× B
<
f (C)→ C defined
by
Kf (µ, λ) :=
1
1−
∑n
i=1 fi(µ)fi(λ)
, λ, µ ∈ B<f (C).
We recall that
B
<
f (C) := {λ = (λ1, . . . , λn) ∈ C
n : λ = g(f(λ)) and
n∑
i=1
|fi(λ)|
2 < 1} = g(Bn),
where Bn := {(z1, . . . , zn) ∈ Cn :
∑n
i=1 |zi|
2 < 1} and g = (g1, . . . , gn) is the inverse of f with respect
to the composition. The algebra PH2s(f)H
∞(Bf )|H2s(f) coincides with the WOT -closed algebra generated
by the operators Li := PH2s(f)MZi |H2s(f), i = 1, . . . , n, and can be identified with the algebra of all
multipliers of the Hilbert space H2(B<f (C)). Under this identification, the operators L1, . . . , Ln become
the multiplication operators Mz1 , . . . ,Mzn by the coordinate functions z1, . . . , zn.
Under the above-mentioned identifications, if T := (T1, . . . , Tn) ∈ Bf (H) is such that
TiTj = TjTi, i, j = 1, . . . , n,
then the characteristic function of T is the multiplierMΘf,Jc,T : H
2(B<f (C))⊗Df,T∗ → H
2(B<f (C))⊗Df,T
defined by the operator-valued analytic function
Θf,Jc,T (z) := −f(T ) + ∆f,T
(
I −
n∑
i=1
fi(z)fi(T )
∗
)−1
[f1(z)IH, . . . , fn(z)IH] ∆f,T∗ , z ∈ B
<
f (C).
We remark that all the results of the last three sections can be written in this commutative setting.
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